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MP CHAPTER 13 SOLUTIONSPRIVATE 

MP SECTION 13.1 SOLUTIONS
1. If I can force it to be my opponent's turn with 1 match left, I will win. Working backwards, if I can force my opponent's turn to occur with 6, 11, 16, 21, 26, 31 or 36 matches on the table I will win. Thus I should pick up 40‑ 36 = 4 matches on the first turn and on each successive turn pick up (5 ‑ # of matches my opponent has picked up on his last turn).

2. Since the given information is symmetric (i.e. each player has won one game) we may assume any order for the players' victories and get the correct answer. Let's assume that Player 1 lost the first game, Player 2 lost the second game, and Player 3 lost the third game. Then working backwards yields the following result:

Wealth             Player 1       Player 2       Player 3

After Game 3          10             10             10 (3 Lost)

After Game 2          5               5             20 (2 Lost)

After Game 1          2.5            17.5           10 (1 Lost)

Original             16.25            8.75           5  

Note that we can't tell which player began with $16.25 or $8.75 or 5, but we can be sure that 1 player began with $16.25, 1 player began with $8.75 and one player began with $5.
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MP SECTION 13.2 SOLUTIONS
1. Define ft(i) to be the shortest path from node i to node 10 

given that node is a stage t node.

  Define xt(i) to be the endpoint of the arc that should be 

chosen if we are in node i.

f4(8) = 3   x4(8) = 10

f4(9) = 4   x4(9) = 10

            1 + f4(8) = 4*  x3(5) = 8

f3(5) = min

            3 + f4(9) = 7

               6 + f4(8) = 9

f3(6) =  min

               3 + f4(9) = 7*  x3(6) = 9

               3 + f4(8) = 6*  x3(6) = 8

f3(7) =   min

               3 + f4(9) = 7

               7 + f3(5) = 11*

f2(2) = min    4 + f3(6) = 11* x2(2) = 5 or 6

               6 + f3(7) = 12

               3 + f3(5) = 7*  x2(3) = 5

f2(3) =  min   2 + f3(6) = 9

               4 + f3(7) = 10

                 4 + f3(5) = 8*

f2(4) =  min     1 + f3(6) = 8*  x2(4) = 5 or 6

                 5 + f3(7) = 11

                 2 + f2(2) = 13

f1(1) = min      4 + f2(3) = 11* x2(1) =  3 or 4

                 3 + f2(4) = 11*

From this analysis we see that 1‑3‑5‑8‑10, 1‑4‑6‑9‑10,or 1‑4‑5‑8‑10 are all shortest paths from node 1 to node 10(each of these paths has length 11).

2.  See Figure for network. Arc lengths indicate speech fee ‑ travel cost. Sunday Bloomington to Monday Indianapolis has an arc length of ‑5 while from Wednesday Bloomington to Thursday Indianapolis has a length of 16 ‑ 5 = 11

  Let ft(i) be the maximum net profit that can be earned during days t,t + 1,...5(including day t speech fee and travel cost from  day t city to day t + 1 city) given that we begin day t in city i.

Let I = Indianapolis B = Bloomington C = Chicago. Since we must end up in Indianapolis,  

f4(I) = 12, f4(B) = 16 ‑ 5 = 11,f4(C) = 17 ‑ 2 = 15 and in each 

of these states the optimal action is to go to Indianapolis

                 12 ‑ 0 + f4(I) = 24

f3(I) =  max     ADVANCE \R 3.6012 ‑ 5 + f4(B) = 18

                 12 ‑ 2 + f4(C) = 25* (Go to C is optimal here)

               16 ‑ 5 + f4(I) = 23

f3(B) =  max   ADVANCE \R 3.6016 ‑ 0 + f4(B) = 27* (Staying in B is optimal here)

        

16 ‑ 7 + f4(C) = 24

               17 ‑ 2 + f4(I) = 27

f3(C) =  max   ADVANCE \R 3.6017 ‑ 7 + f4(B) = 21

               17 ‑ 0 + f4(C) = 32* (Staying in C is optimal here)

               12 ‑ 0 + f3(I) = 37

f2(I) =  max   ADVANCE \R 3.6012 ‑ 5 + f3(B) = 34

               12 ‑ 2 + f3(C) = 42* (Go to C is optimal here)


               16 ‑ 5 + f3(I) = 36

f2(B) =  max   ADVANCE \R 3.6016 ‑ 0 + f3(B) = 43*  (Staying in B is optimal here)

               16 ‑ 7 + f3(C) = 41


                17 ‑ 2 + f3(I) = 40

f2(C) =  max    ADVANCE \R 3.6017 ‑ 7 + f3(B) = 37

                17 ‑ 0 + f3(C) = 49* (Staying in C is optimal here)


                 ‑5 + f2(I) = 37

f1(B) =  max      ADVANCE \R 3.600 + f2(B) = 43* (Staying in B is optimal here)

                 ‑7 + f2(C) = 42
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Retracing the optimal path we find that the salesman should speak in Bloomington on Monday, Tuesday, and Wednesday and speak in Indianapolis on Thursday.

MP SECTION 13.3 SOLUTIONS
1.    Produce x1(3) = 0 during month 1. Then produce x2(3 ‑ 1) = 3 units during month 2. Then produce x3(2 + 3 ‑ 3) = 0 units during month 3. Finally produce x4(2 ‑ 2) = 4 units during month 4. Minimum cost will be f1(3) = $15.

2. Let ft(i) be the minimum cost incurred during months t,t + 1,..3 if the inventory at the beginning of month t is i.

Note that it is clearly suboptimal to produce more than the total demand of 800 units. This means that our inventory at the beginning of month 3 can't exceed 800 ‑ (200 + 300) = 300 units. 

Thus we need only compute f3(i) for i = 0,100,200 and 300. As in the text, during month 3 we simply produce enough to meet month 3 demand from current inventory and production. Let xt(i) be the quantity that should be produced during month t in order to attain ft(i). Then

f3(300) = 0 x3(300) = 0

f3(200) = 250 + 12(100) = 1450 x3(200) = 100

f3(100) = 250 + 12(200) = 2,650 x3(100) = 200

f3(0) = 250 + 12(300) = 3,850  x3(0) = 300

Then f2(i) =  min{c(x) + 1.5(i + x‑300) + f2(i + x‑300)}

                x

where c(0) = 0

      c(100) = 250 + 10(100) = 1,250

      c(200) = 250 + 10(200) = 2,250

      c(300) = 250 + 10(300) = 3,250

      c(400) = 250 + 10(400) = 4,250

      c(500) = 250 + 10(500) = 5,250

      c(600) = 250 + 10(600) = 6,250

      c(700) = 250 + 10(700) = 7,250

      c(800) = 250 + 10(800) = 8,250

and x(300‑i. Note that during month 2 entering inventory cannot exceed 800 ‑ 200 = 600. Also note that during month 2 it would be foolish to produce more than (300 + 300) ‑ i = 600 ‑ i units, because we would then have some inventory at the end of month 3.

Using these simplifications the necessary f2( ) computations are 

as follows:


               3,250 + 0 + f3(0) = 7100 (Produce 300)

               4,250 + 150 + f3(100) = 7,050 (Produce 400)

f2(0) = min    ADVANCE \R 3.605,250 + 300 + f3(200) = 7,000 (Produce 500)

               6,250 + 450 + f3(300) = 6,700* (Produce 600) 

                    x2(0) = 600


               2,250 + 0 + f3(0) = 6,100 (Produce 200)

f2(100) = min  ADVANCE \R 3.603,250 + 150 + f3(100) = 6,050 (Produce 300)

               4,250 + 300 + f3(200) = 6,000 (Produce 400)

               5,250 + 450 + f3(300) = 5,700*(Produce 500) 

               x2(100) = 500


                 1,250 + 0 + f3(0) = 5,100 (Produce 100)

f2(200) =  min   ADVANCE \R 3.602,250 + 150 + f3(100) = 5,050 (Produce 200)

                 3,250 + 300 + f3(200) = 5,000 (Produce 300)

                 4,250 + 450 + f3(300) = 4,700* (Produce 400) 

                   x2(200) = 400


                 0 + 0 + f3(0) = 3,850 (Produce 0)

f2(300) =  min   ADVANCE \R 3.601,250 + 150 + f3(100) = 4,050 (Produce 100)

                 2,250 + 300 + f3(200) = 4,000 (Produce 200)

                 3,250 + 450 + f3(300) = 3,700* (Produce 300) 

                    x2(300) = 300


                 0 + 150 + f3(100) = 2,800 (Produce 0)

f2(400) =  min   ADVANCE \R 3.601,250 + 300 + f3(200) = 3,000 (Produce 100)

                 2,250 + 450 + f3(300) = 2,700* (Produce 200) 

                    x2(400) = 200


                 0 + 300 + f3(200) = 1,750 (Produce 0)

f2(500) =  min

                1,250 + 450 + f3(300) = 1,700* (Produce 100) 

                    x2(500) = 100

f2(600) = 0 + 450 + f3(300) = 450 x2(600) = 0

Now we compute f1(0) from

f1(0) =  min{c(x) + 1.5(i + x‑200) + f2(i + x‑200)}

          x

where x(200. Thus


               2,250 + 0 + f2(0) = 8,950* (Produce 200) 

               3,250 + 150 + f2(100) = 9,100 (Produce 300)

               4,250 + 300 + f2(200) = 9,250 (Produce 400)

f1(0) =  min   ADVANCE \R 3.605,250 + 450 + f2(300) = 9,400 (Produce 500)

               6,250 + 600 + f2(400) = 9,550 (Produce 600)

               7,250 + 750 + f2(500) = 9,700 (Produce 700)

               8,250 + 900 + f2(600) = 9,600 (Produce 800)






x1(0) = 200

Thus f1(0) = $8,950 and x1(0) = 200 radios should be produced during  month 1. This yields a month 2 inventory of 200 ‑ 200 = 0. Thus during month 2 we produce x2(0) = 600 radios. At the beginning of month 3 the inventory will now be 0 + 600 ‑ 300 = 300. Hence during month 3 x3(300) = 0 radios should be produced.


Note that the total production cost of this plan is 250 + 200(10)

 + 250 + 600(10) = 8,500 and Total Holding Cost = 1.5(300) = 450 (assessed on inventory at end of month 2). Thus total cost is 8500 + 450 = $8,950 = f1(0)

3a. To go from (2, 3) to (3, 1) 1 unit must be produced during month 2(because month 2 demand is 3) and an inventory of 1 will be held at end of month 2. Thus this arc incurs a production cost of $3 + $1 and a holding cost of $0.50, for a total cost of $4.50.

3b. To go from (4, 2) to (5, 0) two units must be produced during month 4 (because month 4 demand is 4). This incurs no holding cost and a production cost of $3 + $2 = $5.

 MP SECTION 13.4
1. Let ft(i) be the maximum revenue attained from sites t,t + 1,..3 if i million dollars can be invested in those sites. Let xt(i) be the amount of money (in millions) that should be assigned to site i in order to attain ft(i).

Then (all figures are in millions)

f3(4) = 15  x3(4) = 4

f3(3) = 13  x3(3) = 3

f3(2) = 8   x3(2) = 2

f3(1) = 7   x3(1) = 1

f3(0) = 3   x3(0) = 0

f2(0) = 3 + f3(0) = 6* x2(0) = 0


               3 + f3(1) = 10* x2(0) = 0

f2(1) =  max

               6 + f3(0) = 9


                3 + f3(2) = 11

f2(2) = max     ADVANCE \R 3.606 + f3(1) = 13*  x2(2) = 1 or 2

                10 + f3(0) = 13*


                 3 + f3(3) = 16

f2(3) = max      ADVANCE \R 3.606 + f3(2) = 14

                 10 + f3(1) = 17* x2(3) = 2

                 12 + f3(0) = 15

               3 + f3(4) = 18

               6 + f3(3) = 19*

f2(4) =  max   10 + f3(2) = 18

               12 + f3(1) = 19* x2(4) = 1 or 3

               14 + f3(0) = 17

               4 + f2(4) = 23

               7 + f2(3) = 24* x1(4) = 1

f1(4) =  max   ADVANCE \R 3.608 + f2(2) = 21

               9 + f2(1) = 19

               11 + f2(0) = 17

Thus x1(4) = 1 million dollars should be allocated to site 1, x2(4 ‑ 1) = 2 million dollars should be allocated to site 2 and x3(3 ‑ 2) = 1 million dollars should be allocated to site 3.

4. Define ft(c) to be the minimum number of crimes committed in precincts t, t + 1,...3 if c squad cars may be allocated to these precincts. Also define xt(c) to be the number of cars that should be assigned to precinct t in order to attain ft(c).

   In computing f3( ) it is clear that all available cars will be allocated to precinct 3. This yields

f3(0) = 20  x3(0) = 0

f3(1) = 14  x3(1) = 1 

f3(2) = 11  x3(2) = 2

f3(3) = 8   x3(3) = 3

f3(4) = 6   x3(4) = 4

f3(5) = 5   x3(5) = 5

Then

f2(0) = 25 + f3(0) = 45* (Assign 0 to Pre. 2) x2(0) = 0


               25 + f3(1) = 39* (Assign 0 Cars to Pre. 2)

f2(1) =   min                   x2(1) = 0 or 1

               19 + f3(0) = 39* Assign 1 Car to Pre. 2)

               25 + f3(2) = 36 (Assign 0 cars to Pre. 2)

f2(2) =  min   ADVANCE \R 3.6019 + f3(1) = 33*(Assign 1 Car to Pre.  2) x2(2) = 1

               16 + f3(0) = 36 (Assign 2 Cars to Pre. 2)

              25 + f3(3) = 33 (Assign 0 Cars to Pre. 2)

              19 + f3(2) = 30*(Assign 1 Car  to Pre. 2) x2(3) = 1 or 2

f2(3) = min   ADVANCE \R 3.6016 + f3(1) = 30*(Assign 2 Cars to Pre. 2)

              14 + f3(0) = 34 (Assign 3 Cars to Pre. 2)

              25 + f3(4) = 31 (Assign 0 Cars to Pre. 2)

              19 + f3(3) = 27*(Assign 1 Car  to Pre. 2) x2(4) = 1 or 2

f2(4) = min   ADVANCE \R 3.6016 + f3(2) = 27*(Assign 2 Cars to Pre. 2)

              14 + f3(1) = 28 (Assign 3 Cars to Pre. 2)

              12 + f3(0) = 32 (Assign 4 Cars to Pre. 2)

             25 + f3(5) = 30  (Assign 0 Cars to Pre. 2)

             19 + f3(4) = 25  (Assign 1 Car  to Pre. 2)

             16 + f3(3) = 24* (Assign 2 Cars to Pre. 2) x2(5) = 2

f2(5) = min  ADVANCE \R 3.6014 + f3(2) = 25  (Assign 3 Cars to Pre. 2)

             12 + f3(1) = 26  (Assign 4 Cars to Pre. 2)

             11 + f3(0) = 31  (Assign 5 Cars to Pre. 2)


              14 + f2(5) = 38 (Assign 0 Cars to Pre. 1)

              10 + f2(4) = 37*(Assign 1 Car  to Pre. 1)

               7 + f2(3) = 37*(Assign 2 Cars to Pre. 1) 

f1(5) =  min   4 + f2(2) = 37*(Assign 3 Cars to Pre. 1)

               1 + f2(1) = 40 (Assign 4 Cars to Pre. 1)

               0 + f2(0) = 45 (Assign 5 Cars to Pre. 1)

                    x1(5) = 1,2 or 3

Several optimal allocations of patrol cars (all yielding 37 crimes) are listed below

Precinct 1          Precinct 2          Precinct 3 Total Crimes

     3                   1                   1         37

     2                   2                   1         37

     2                   1                   2         37

     1                   2                   2         37

     1                   1                   3         37

5. Let g(w) be the maximum benefit that can be obtained from a w pound knapsack. Also define x(w) to be the type of item that must be placed in the knapsack in in order to attain the maximum in the recursion for g(w). x(w) = 0 means place no item in the knapsack. Then

g(0) = 0  x(0) = 0

g(1) = 0  x(1) = 0

g(2) = 0  x(2) = 0

g(3) = 12 + g(0) = 12* x(3) = 1  (Put in Type 1 Item)

g(4) = 12 + g(1) = 12* x(4) = 1  (Put in Type 1 Item)

               12 + g(2) = 12 (Put in Type 1 Item)

g(5) = max

               25 + g(0) = 25* (Put in Type 2 Item) x(5) = 2


               12 + g(3) = 24 (Put in Type 1 Item)

g(6) = max       

               25 + g(1) = 25* (Put in Type 2 Item) x(6) = 2


                 12 + g(4) = 24 (Put in Type 1 Item)

g(7) = max       25 + g(2) = 25 (Put in Type 2 Item)

                 50 + g(0) = 50* (Put in Type 3 Item) x(7) = 3


                 12 + g(5) = 37  (Put in Type 1 Item)

g(8) = max       25 + g(3) = 37  (Put in Type 2 Item)

                 50 + g(1) = 50* (Put in Type 3 Item) x(8) = 3


                 12 + g(6) = 37  (Put in Type 1 Item)

g(9) = max       25 + g(4) = 37  (Put in Type 2 Item)

                 50 + g(2) = 50* (Put in Type 3 Item) x(9) = 3


               12 + g(7) = 62* (Put in Type 1 Item)

g(10) = max    25 + g(5) = 50  (Put in Type 2 Item) x(10) = 1 or 3

               50 + g(3) = 62* (Put in Type 3 Item)


                12 + g(8) = 62* (Put in Type 1 Item)

g(11) = max     25 + g(6) = 50  (Put in Type 2 Item) x(11) = 1 or 3

                50 + g(4) = 62* (Put in Type 3 Item)


               12 + g(9) = 62 (Put in Type 1 Item)

g(12) =  max   25 + g(7) = 75* (Put in Type 2 Item) x(12) = 2 or 3

               50 + g(5) = 75* (Put in Type 3 Item)

               12 + g(10) = 74 (Put in Type 1 Item)

g(13) =  max   25 + g(8) = 75* (Put in Type 2 Item)  x(13) = 2 or 3

               50 + g(6) = 75* (Put in Type 3 Item)

Thus one Type 3 Item and one Type 2 Item should be placed in the knapsack, with 1 pound of unused capacity remaining.

6. Without using any type 1 items we certainly can not do better than include w/w2 type 2 items. This would earn c2w/w2. Now suppose we fill the knapsack with as many type 1 items as possible. Certainly, the number of type 1 items we can fit in the knapsack will be at least as large as (w/w1 ‑ 1). These items would earn a benefit of c1(w/w1 ‑ 1). Thus if 

(1) c1(w/w1 ‑ 1)(c2w/w2
there must be an optimal solution using a type 1 item. (1) holds if

w(c1/w1 ‑ c2/w2)(c1 or 

         c1w1
w( ‑‑‑‑‑‑‑‑‑‑‑‑‑‑‑  = w* .

     c1 ‑ c2w1/w2
  Thus if knapsack can hold at least w* pounds, there will be an optimal solution using at least one type 1 item.

 MP SECTION 13.5 SOLUTIONS
1. f5(1) = ‑800 ,f5(2) = ‑600, f5(3) = ‑500

f4(3) = 560 + f5(1) = ‑240* (Replace)


               460 + f5(1) = ‑340 (Replace)

f4(2) = min

               120 + f5(3) = ‑380* (Keep)


               260 + f5(1) = ‑540* (Replace)

f4(1) =  min     

               80  + f5(2) = ‑520  (Keep)

f3(3) = 560 + f4(1) = 20*  (Replace)


               460 + f4(1) = ‑80  (Replace) 

f3(2) = min

               120 + f4(3) = ‑120* (Keep)


               260 + f4(1) = ‑280 (Replace)

f3(1) =  min

               80 + f4(2)  = ‑300* (Keep)

f2(3) cannot occur


               460 + f3(1) = 160 (Replace)

f2(2) = min

               120 + f3(3) = 140* (Keep)


               260 + f3(1) = ‑40* (Replace)

f2(1) = min

               80 + f3(2) = ‑40*  (Keep)

f1(2) and f1(3) cannot occur.


               260 + f2(1) = 220* (Replace)

f1(1) = min

               80 + f2(2) = 220*  (Keep)

f0(0) = 1,000 + 60 + f1(1) = 1,280* (Keep)

  To determine an optimal replacement policy note that at Time 1 we need to attain f1(1),so we may either keep or replace the machine. Suppose we choose to keep the machine. Then at Time 2 we need to attain f2(2),so we keep the machine. Then we need to attain f3(3),which requires that we replace the machine. Then to attain f4(1) we again replace the machine. Finally we replace the machine at Time 5.

2. Let g(t) be the minimum net cost incurred from Time t to Time 6 given that we have a new car at Time t(including purchase and salvage costs for the car purchased at Time t).

Then g(6) = 0. Also note that

Net Cost of Keeping Car for 1 Year = 10,000 ‑ 7000 + 300 = $3300.

Net Cost of Keeping Car for 2 Years = 10,000 ‑ 6000 + 300 + 500 = $4800.

Net Cost of Keeping Car for 3Years = 10,000 ‑ 4000 + 300 + 500 + 800 = $7600.

Net Cost of Keeping Car for 4 Years = 10,000 ‑3000 + 300 + 500 + 800 + 1200 = $9800.

Net Cost of Keeping a Car for 5 Years = 10,000 ‑ 2000 + 300 + 500 + 800 + 1200 + 1600 = $12,400.

Net Cost of Keeping a Car for Six Years = 10,000 ‑ 1000 + 300 + 500 + 800 + 1200 + 1600 + 2200 = $15,600.

Then

g(5) = 3300 + g(6) = 3300* (Keep till end of year 6 and trade‑in)


               3300 + g(5) = 6600  (Next trade‑in at Time 5)

g(4) = min

               4800 + g(6) = 4800* (Next trade‑in at Time 6)


               3300 + g(4) = 8,100(Next trade‑in at Time 4)

g(3) = min     4800 + g(5) = 8,100(Next trade‑in at Time 5)

               7600 + g(6) = 7,600* (Next trade‑in at Time 6)


               3300 + g(3) = 10,900 (Next trade‑in at Time 3)

               4800 + g(4) = 9,600* (Next trade‑in at Time 4)

g(2) = min     7600 + g(5) = 10,900 (Next trade‑in at Time 5)

               9800 + g(6) = 9,800  (Next trade‑in at Time 6)


               3300 + g(2) = 12,900 (Next trade‑in at Time 2)

               4800 + g(3) = 12,400*(Next trade‑in at Time 3)

g(1) = min     7600 + g(4) = 12,400*(Next trade‑in at Time 4)

               9800 + g(5) = 13,100 (Next trade‑in at Time 5)

               12,400 + g(6) = 12,400*(Next trade‑in at Time 6)


               3300 + g(1) = 15,700 (Next trade‑in at Time 1)

               4800 + g(2) = 14,400* (Next trade‑in at Time 2)

g(0) = min     7600 + g(3) = 15,200 (Next trade‑in at Time 3)

               9800 + g(4) = 14,600 (Next trade‑in at Time 4)

               12,400 + g(5) = 15,700 (Next trade‑in at Time 5)

               15,600 + g(6) = 15,600 (Next trade‑in at Time 6)

Thus the car should be traded in at times 2,4 and 6. A net cost of $14,400 will be incurred.

3.   Number of Years Phone       Net Cost of Operation

     is Kept before Trade‑in

          1                      40 + 20 = $60

          2                      40 + 20 + 30 = $90

          3                      40 + 20 + 30 + 40 = $130

          4                      40 + 20 + 30 + 40 + 60 = $190

          5                      40 + 20 + 30 + 40 + 60 + 70 = $260   

Let g(6) = 0 and define for t(5, g(t) = minimum cost of maintaining a phone from time t to end of year 5 given that we have a new phone at time t(g(t) includes the cost of purchasing the phone that was purchased at time t). Then

g(5) = 60* (Keep phone for 1 year)


            60 + g(5) = 120 (Keep phone for 1 year)

g(4) = min

            90 + g(6) = 90* (Keep phone for 2 years)


            60 + g(4) = 150 (Keep phone for 1 year)

g(3) = min  90 + g(5) = 150 (Keep phone for 2 years)

            130 + g(6) = 130* (Keep phone for 3 years)


              60 + g(3) = 190 (Keep phone for 1 year)

g(2) =  min   90 + g(4) = 180* (Keep phone for 2 years)

              130 + g(5) = 190 (Keep phone for 3 years)

              190 + g(6) = 190 (Keep phone for 4 years)


               60 + g(2) = 240 (Keep phone for 1 year)

               90 + g(3) = 220* (Keep phone for 2 years)

g(1) =  min    130 + g(4) = 220* (Keep phone for 3 years)

               190 + g(5) = 250 (Keep phone for 4 years)

               260 + g(6) = 260 (Keep phone for 5 years)


               60 + g(1) = 280 (Keep phone for 1 year)

               90 + g(2) = 270 (Keep phone for 2 years)

g(0) = min     130 + g(3) = 260* (Keep phone for 3 years)

               190 + g(4) = 280 (Keep phone for 4 years)

               260 + g(5) = 320 (Keep phone for 5 years)

Thus phone purchased at time 0 should be kept for three years. Then another phone should be purchased and kept for three years. Total cost incurred is $260.

 MP SECTION 13.6 SOLUTIONS
1. Let ft(i) = the maximum expected net profit earned during years t,t + 1,...10 given that Sunco has i barrels of reserves at the beginning of year t. Then

f10(i) = max {xp10 ‑ c(x)}

          x

where x must satisfy 0(x(i.

   For t(9

(1) ft(i) = max   {xpt ‑ c(x) + ft+1(i + bt ‑ x)}

             x

where 0(x(i.

We use (1) to work backwards until f1(i0) is determined. 

(i0 = number of barrels available at beginning of period 1). If discounting is allowed, let £ = the discount factor. Then we redefine ft(i) to be measured in terms of year t dollars. Then we replace (1) by (1')

(1')ft(i) =  max {xpt ‑ c(x) + βft+1(i + bt ‑ x)}.

               x 

where 0(x(b.

2a. Let d be the amount of money consumed during a year. If u(d) = d2,then u''(d) = 2>0. This means that as consumption is increased, each additional dollar of consumption adds more to the person's utility. Most people do not behave this way. See Chapter 13 of OR. On the other hand if u(d) = ln d, then u''(d) = ‑1/d2, so each additional dollar of consumption adds less and less to Juli's utility. This is more consistent with the behavior of most people. In short, the behavior of few people can be described by convex utility functions.

2b. Let ft(d) be the maximum utility that can be earned during years t, t + 1,10 given that d dollars are available at the beginning of year t(including year t income). During year 10 it makes sense to consume all available money (after all there is no future. Thus

f10(d) = ln d

For t(9

ft(d) =  max {ln c + ft+1(1.1[d ‑ c] + i)}

          c

where 0(c(d. 

  We work backwards from the f10( )'s to f1(D).

3. Let ft(i) be the minimum cost (in dollars) incurred during minutes t, t + 1,...60 given that i customers are present at the beginning of minute t (excluding minute t arrivals).

  Then f60(i) =   min {c(s) + .10(i + x60 ‑ c(s, i + x60)}

                   s

  For t(59

ft(i) =  min  {c(s) + .10(i + xt ‑ c(s, i + xt)) 

          s

                    + ft+1(i + xt ‑ c(s, i + xt)}

where s is a member of {0,1,2,...}.

   We begin by computing the f60(  ) and work backwards until 

f1(0) has been computed.

4. Let ft(x) = minimum cost incurred during months t,,... 5 given that x experienced technicians are available at the beginning of month t. Then

f5(x) = 2000x (if 160x(11,000)

f5(x) = ( (if 160x<11,000) This ensures that enough technicians are available to meet month 5 requirements. Let dt = number of hours required for month t. Then

ft(x) = min {2000x + 1000ht + ft+1(.95xt + ht)}

         ht
where ht(0 and ht must satisfy 

 160x(dt + 50ht. 

If dt>160x, we set ft(x) = (, to indicate the "infeasibility" of this state. We work backwards until f1(50) has been determined.

5. Let Subject 1 = French, Subject 2 = English, and Subject 3 = Statistics. Since Probability of passing at least one course equals 1 ‑ (probability of failing all three courses) our problem is equivalent to minimizing the probability of flunking all 3 subjects. Let ft(i) be the minimum probability of flunking subjects t, t + 1,...3 when i hours can be allocated to these subjects. Let xt(i) be an optimal allocation of study hours to subject t which attains ft(i).

Then

     f3(0) = .90 x3(0) = 0

     f3(1) = .70 x3(1) = 1

     f3(2) = .60 x3(2) = 2

     f3(3) = .55 x3(3) = 3

     f3(4) = .50 x3(4) = 4

     f2(0) = .75(.90) = .675* x2(0) = 0


                   .75f3(1) = .525* (0 hrs. on Eng.) x2(1) = 0

     f2(1) =  min

                   .70f3(0) = .630  (1 hr. on English)


                    .75f3(2) = *.45 (0 hrs. on Eng.) x2(2) = 0

 f2(2) =  min       ADVANCE \R 3.60.70f3(1) = .49  (1 hr.  on Eng.)

                    .67f3(0) = .603 (2 hrs. on Eng.)


                    .75f3(3) = .413* (0 hrs. on Eng.) x2(3) = 0

f2(3) =  min        ADVANCE \R 3.60.70f3(2) = .420  (1 hr.  on Eng.)         

                    .67f3(1) = .469  (2 hrs. on Eng.)

                    .65f3(0) = .585  (3 hrs. on Eng.)


                    .75f3(4) = .375* (0 hrs. on Eng.) x2(4) = 0

                    .70f3(3) = .385  (1 hr.  on Eng.)

f2(4) =  min        ADVANCE \R 3.60.67f3(2) = .402  (2 hrs. on Eng.)

                    .65f3(1) = .455  (3 hrs. on Eng.)

                    .62f3(0) = .558  (4 hrs. on Eng.)


                    .80f2(4) = .30  (0 hrs. on French)

                    .70f2(3) = .289*(1 hr.  on French) x1(4) = 1

f1(4) =  min        ADVANCE \R 3.60.65f2(2) = .293 (2 hrs. on French)

                    .62f2(1) = .326 (3 hrs. on French)

                    .60f2(0) = .405 (4 hrs. on French)

We spend x1(4) = 1 hour studying French .x2(4‑1) = 0 hours studying English, and (of course!) 3 hours studying statistics.  Her chance of passing at least one course is 1 ‑ .289 = .711.

6. Let Warp Drive = Machine 3, Solar Relay = Machine 2, and Reece's Pieces Maker = Machine 1. Then define ft(a) to be the maximum probability that machines t, t + 1,...3 will work during ET's trip home given that a actors are available to work on machines t, t + 1,...3. Let xt(a) be the number of actors that must be assigned to machine t in order to attain ft(a).

Then  

f3(3) = .95 x3(3) = 3

f3(2) = .65 x3(2) = 2

f3(1) = .55 x3(1) = 1

f3(0) = .30 x3(0) = 0

             .40f3(3) = .38(Assign 0 actors to Mach. 2)

f2(3) = max  ADVANCE \R 3.60.50f3(2) = .325(Assign 1 actor to Mach. 2)

             .70f3(1) = .385*(Assign 2 actors to Mach. 2) x2(3) = 2

             .90f3(0) = .270 (Assign 3 actors to Mach. 2)


             .40f3(2) = .26 (Assign 0 actors to Mach. 2)

f2(2) = max  ADVANCE \R 3.60.50f3(1) = .275*(Assign 1 actor to Mach. 2) x2(2) = 1

             .70f3(0) = .21  (Assign 2 actors to Mach. 2)

             .40f3(1) = .22* (Assign 0 actors to Mach. 2) x2(1) = 0

f2(1) = max

             .50f3(0) = .15  (Assign 1 actor to Mach. 2)

f2(0) = .40f3(0) = .12* (Assign 0 actors to Mach. 2) x2(0) = 0

              
.45f2(3) = .173 (Assign 0 actors to Mach. 1)

f1(3) = max   
.55f2(2) = .151 (Assign 1 actor to Mach. 1)

   ADVANCE \R 3.60


.80f2(1) = .176*(Assign 2 actors to Mach. 1) x1(3) = 2




.98f2(0) = .118 (Assign 3 actors to Mach. 1)

Since x1(3) = 2 Machine 1 (the Reece's Pieces Maker) gets 2 actors. Then x2(3 ‑ 2) = 0 so Machine 2(the solar relay) gets 0 actors. Then x3(1 ‑ 0) = 1 so Machine 3 (the Warp Drive) gets 1 actor. Thus ET has only a 17.6% chance of getting home (maybe he should stay and make a sequel!)   

7. Define ft(w) to be the maximum net profit(revenues less costs) obtained from the steer during weeks t, t + 1,...10 given that the steer weighs w pounds at the beginning of week t. The key to the problem is to remember that revenues are only earned during week 10(because the steer is only sold once!) Then

f10(w) = max {10g(w,p) ‑ c(p)}

          p

where 0(p.

  Then for t(9

ft(w) = max {‑c(p) + ft+1[g(w,p)]}

         p

Farmer Jones should work backwards until f1(w0) has been computed.

8. Define ft(i, d) to be the maximum number of loyal customers at the end of month 12 given that there are i loyal customers at the beginning of month t and d dollars available to spend on advertising during months t, t + 1,...12. If there is only one month left, all available funds should be spent during that month. This yields

f12(i, d) =  [1 ‑ p(d)]i + (N ‑ i)q(d).

   For t(11

ft(i,d) =   max {ft+1[(1 ‑ p(x))i + (N ‑ i)q(x), d ‑ x]}

             x

where 0(x(d. We work backwards until f1(i0,D) has been determined.

9. Let ft(S) = minimum cost incurred during years t, t + 1, ...20 given that at the beginning of year t the plants in the set S have been built. Then (let c0 = h0 = k0 = 0 so i = 0 corresponds to building no plant)

f20(S) = min   {ci + hi +   (   hk}

          i               ADVANCE \L 18.0k ( S

where the minimum is taken over i not in S  and i = 0 satisfying

(1)  (    kj + ki( d20 ‑ 500,000.

   j ( S

 If each i not in S fails to satisfy (1), then set 

f20(S) = (.

  For t<20

ft(S) = min  {ci + hi +  (     hj + ft+1(S(i)}

         i              ADVANCE \R 14.40j ( S

where the minimum is taken over i not in S  and i = 0 satisfying

(2)  (    kj + ki( dt ‑ 500,000.

   j ( S

 If each i not in S fails to satisfy (2), then set ft(S) = (. Work backwards until f1({ }) is determined.

10. Let ft(it,xt‑1) be the minimum cost incurred during months t, t + 1,...12 given that inventory at the beginning of month t is it and production during month t ‑ 1 was xt‑1. Then

f12(i12,x11) = min {c12x12 + 5|x12 ‑ x11| + h12(i12 + x12 ‑ d12)}

               x12
where x12 must satisfy x12(0 and i + x12(d12.

  For t(11

ft(it,xt‑1) =  min  {ctxt + 5|xt ‑ xt‑1| + ft+1(it + xt ‑ dt,xt)}

                 xt       






+ht(i + xt ‑ dt)}

where xt must satisfy xt(0 and it + xt(dt.

  We work backwards until f1(20,20) has been computed.

11. Define ft(r) to be the maximum discrepancy (in absolute value) between the desired and actual number of representatives for cities t, t + 1,...3 given that r representatives are assigned to these cities. Also define xt(r) to be the number of representatives that must be assigned to city t in order to attain ft(r).

Then

      f3(r) = |r‑.4| x3(r) = r

Also

f2(r) = min {max  (|x‑1.4|,f3(r‑x))}

          x

where x is a member of 0,1,2...r

Hence

                 max(1.4,2.6) = 2.6 (0 Reps. to City 2)

f2(3) = min      ADVANCE \R 3.60max(.4,1.6) = 1.6  (1 Rep.  to City 2)

                 max(.6,.6) = .6*   (2 Reps. to City 2) x2(3) = 2

                 max(1.6,.4) = 1.6  (3 Reps. to City 2)

              max(1.4,1.6) = 1.6 (0 Reps. to City 2)

f2(2) = min   ADVANCE \R 3.60max(.4,.6) = .6*   (1 Rep.  to City 2)  x2(2) = 1 or 2

              max(.6,.4) = .6*   (2 Reps. to City 2)

             max(1.4,.6) = .6 (0 Reps. to City 2)

f2(1) = min                                         x2(1) = 1

             max(.4,.4) = .4*  (1 Rep. to City 2)

f2(0) =  max(1.4,.4) = 1.4  (0 Reps. to City 2) x2(0) = 0

Then

f1(r) = min{max |x‑1.2|,f2(r‑x)}

         x

where x is a member of {0,1,...r}.

We now obtain

               max(1.2,.6) = 1.2 (0 Reps. to City 1)

               max(.2,.6) = .6*  (1 Rep. to City 1) x1(3) = 1

f1(3) = min    ADVANCE \R 3.60max(.8,.4) = .8   (2 Reps. to City 1)

               max (1.8,1.4) = 1.8  (3 Reps. to City 1)

Thus x1(3) = 1 representative is assigned to City 1,x2(3 ‑ 1) = 1(we arbitrarily choose 1 representative for City 2; we could have chosen 2) representative is assigned to City 2 and x3(2‑1) = 1 representative is assigned to City 3.

12. Define f(S) to be the amount of time that the jobs not in S are delayed, given that the jobs in S have been already completed. Let x(S) be the job that should next be processed in order to attain f(S).Then

f({1,2,3}) = 4* x({1,2,3}) = 4

f({1,2,4}) = 10* x({1,2,4}) = 3

f({1,3,4}) = 6* x({1,3,4}) = 2

f({2,3,4}) = 16 x({2,3,4}) = 1


               2 + f({1,2,3}) = 6* (Do Job 3 Next) x({1,2}) = 3

f({1,2}) = min               

               0 + f({1,2,4}) = 10 (Do Job 4 Next)


                 0 + f({1,2,3}) = 4* (Do Job 2 Next) x({1,3}) = 2

f({1,3}) =  min

                 0 + f({1,3,4}) = 6  (Do Job 4 Next)

                 


0 + f({1,2,4}) = 10* (Do Job 2 Next) x({1,4}) = 2

f({1,4}) = min

                 6 + f({1,3,4}) = 12  (Do Job 3 Next)


8 + f({1,2,3} = 12*  (Do Job 1 Next) x({2,3}) = 1

f({2,3}) = min

                 2 + f({2,3,4}) = 18  (Do Job 4 Next)


                 10 + f({1,2,4}) = 20* (Do Job 1 Next)
x({2,4}) = 1

f({2,4}) = min

                  8 + f({2,3,4}) = 24  (Do Job 3 Next)


                 12 + f({1,3,4}) = 18* (Do Job 1 Next)
x({3,4}) = 1

f({3,4}) = min

                  4 + f({2,3,4}) = 20 (Do Job 2 Next)


                 0 + f({1,2}}) = 6 (Do Job 2 Next)

f({1}) = min     0 + f({1,3}) = 4* (Do Job 3 Next) x({1}) = 3

                 0 + f({1,4}) = 10 (Do Job 4 Next)


                 2 + f({1,2}) = 8*(Do Job 1 Next) x({2}) = 1

f({2}) = min     0 + f({2,3} = 12 (Do Job 3 Next)

                 0 + f({2,4}) = 20 (Do Job 4 Next)


                 4 + f({1,3}) = 8* (Do Job 1 Next) x({3}) = 1

f({3}) =  min    0 + f({2,3}) = 12 (Do Job 2 Next)

                 0 + f({3,4}) = 18 (Do Job 4 Next)


                 6 + f({1,4}) = 16*(Do Job 1 Next) x({4}) = 1

f({4}) = min     0 + f({2,4}) = 20 (Do Job 2 Next)

                 4 + f({3,4}) = 22 (Do Job 3 Next)


                0 + f({1}) = 4* (Do Job 1 Next) x({ }) = 1

f({ }) = min    0 + f({2}) = 8  (Do Job 2 Next)

                0 + f({3}) = 8  (Do Job 3 Next)

                0 + f({4}) = 16 (Do Job 4 Next)

Thus Job 1 should be processed first, then process x({1}) = Job 3. Then process x({1,3}) = Job 2 and finally process x({1,2,3}) = Job 4. Total delay will be f({ }) = 4

MP Section 13.7
1. From EXCEL  (file S13_7_1.xls) we find f1(0) = 8950. From cell E17 we should produce 200 radios in month 1. Then we seek f2(0+200-200) = 6700. From cell I16 we find that 600 radios should be produced during month 2. Then we seek f3(0+600-300) = 0 and 0 radios should be produced during month 3.

2. See EXCEL (file S13_7_2.xls). From cell AB21 we find f1(5) = 37. We arbitrarily choose (see cell R21)  to allocate 1 car to precinct 1. Then we seek f2(4) = 27. From cell N20 we may assign 2 cars to Precinct 2. Then we allocate 2 cars to Precinct 3.

3. See EXCEL file S13_7_3.xls). From cell E18 we find g(13) = 75. From cells C18 and D18 we find that we may choose item 2 or item 3. We choose Item 2. Then we seek g(13-5) = g(8) = 50. From cell E13 we find we must choose Item 3. Then we seek g(8-7) = g(1) = 0, so we are finished.

