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MP CHAPTER 8 SOLUTIONSPRIVATE 

SECTION 8.2  

2. Begin by permanently labeling node 1 and assigning temporary labels to other nodes: [0* 2 8 ( (]. Then we give node 2 a permanent label: [0* 2* 8 ( (]

Node    Temporary Label (* denotes next assigned permanent label)  

3         min{8,2+5} = 7

4         min{(, 2+4} = 6*

5         min{(,2+12} = 14 

Now labels are [0* 2* 7 6* 14]

Node    Temporary Label (* denotes next assigned permanent label) 

3         min{7} = 7*

5         min{14,6+10} = 14

Now labels are [0* 2* 7* 6* 14]. Since there is no node joining the newest permanently labelled node (node 3) to node 5,  we may give make node 5 a permanent label. We obtain [0* 2* 7* 6* 14*]. Since c25 = 14 ‑ 2 and c12 = 2 ‑ 0 we find the shortest path from node 1 to 5 to be 1‑2‑5(length 14).

6. Node 1 = beginning of year 1, Node 7 = end of year 6 or beginning of year 7

c12 = 60, c13 = 90, c14 = 130, c15 = 190, c16 = 260 c23 = 60, c24 = 90, c25 = 130, c26 = 190, c27 = 260, c34 = 60, c35 = 90, c36 = 130, c37 = 190, c45 = 60, c46 = 90, c47 = 130, c56 = 60, c57 = 90, c67 = 60

We begin by giving node 1 a permanent label [0* 60 90 130 190 260 (]. Next we give node 2 a permanent label: [0* 60* 90 130 190 260 (] .

Node    Temporary Label (* denotes next assigned permanent label) 

3              min{90,60+60} = 90 

4              min{130,60+90} = 130 

5              min{190,60+130}=190 

6              min{260,60+190} = 250

Since 260 ‑ 130 = c47 and 130 ‑ 0 = c14 we find that 1‑4‑7 yields the shortest path. Thus the phone should always be kept for three years. 

8. Let cij = cost of storing books >i inches and (j inches on a single shelf.c04 = 2300 + 200(.5)(4)(5) = $4300

             c08 = 2300 + 300(.5)(8)(5) = $8300

             c0,12 = 2300 + 380(.5)(12)(5) = $13,700

             c4,8 = 2300 + 100(.5)(5)(8) = $4300

             c4,12 = 2300 + .5(180)(5)(12) = $7700

             c8,12 = 2300 + .5(5)(12)(80) = $4700

     It is easily found that the shortest path from 0 to 12 is 0‑ 4‑12 (cost of $12,000). Thus a 4" shelf should be built for 4" books, and a 12" shelf is built for 8" and 12" books.

SECTION 8.3 SOLUTIONS
1.
max z = x0

s.t.  xso,1(6, xso,2(2  x12(1,  x32(3,  x13(3,  x3,si(2,  x24(7,  x4,si(7

 x0 =  xso,1 + xso,2  (Node so)

 xso,1 = x13 + x12 (Node 1)

 x12 + x32 + xs0,2 = x24  (Node 2)

 x13 = x32 + x3,si (Node 3)

 x24 = x4,si  (Node 4)

 x3,si + x4,si = x0 (Node si)

All variables (0


Initial flow of 0 in each arc.  Begin by labeling sink via path of forward arcs (so, 1) - (1, 3) - (3, 2) - (2, 4) - (4, si).  Increase flow in each of these feasible arcs by 3, yielding the following feasible flow:




Arc

Flow




so-1

 3




so-2

 0




1-3

 3




1-2

 0




2-4

 3




3-si

 0




3-2

 3




4-si

 3




Flow to sink 3


Now label sink by (so-2) - (2-4), (4, si).  Each arc is a forward arc and we can increase flow in each arc by 2.  This yields the following feasible flow:




Arc

Flow




so-1

 3




so-2

 2




1-3

 3




1-2

 0




2-4

 5




3-si

 0




3-2

 3




4-si

 5




Flow to sink  5


Now label sink by (so-1) - (1, 2) - (3, 2) - (3, si).  All arcs on this path are forward arcs except for (3, 2), which is a backwards arc.  We can increase the flow on each forward arc by 1 and decrease the flow on each backward arc by 1.  This yields the following feasible flow:




Arc

Flow




so-1

4




so-2

2




1-3

3




1-2

1




2-4

5




3-si

1




3-2

2




4-si

5




Flow to sink 6


The sink cannot be labeled, so we found the maximum flow of 6 units.  The minimum cut is obtained from V' = {3, 2, 4, si}.  This cut consists of arcs (1, 3), (1, 2), (so, 2) and has capacity of 3 + 1 + 2 = 6 = maximum flow. 
7.
See figure.

[image: image1.png]If max flow = 4 then all jobs can be completed.




8.
See figure.

[image: image2.png]



12.
Construct a "supersource" that has arcs of infinite capacity leading to each real source.  Also construct a "supersink' that has infinite capacity arcs leading from each real sink to the supersink.

13.
Suppose we know the flow into node i cannot exceed 10 units.  Add a new node, node i', to the network.  Replace each arc of the form (j,i) in the original network with an arc (j,i') and add an arc (with capacity 10 units) (i',i).  This will ensure that at most 10 units flow into node i!

14. See figure.

[image: image3.png]



SECTION 8.4
1.
We could not determine ET(2) without knowing ET(4).  Similarly, we could not determine ET(4) without knowing ET(3).  To find ET(3), however, we need to know ET(2).  Thus we are in trouble!  The reason for this is the arc from a higher numbered node (4) to a lower numbered node (2). 
3.In the project diagram we use the mean time for each activity.  For each activity's duration we find

	PRIVATE 

	
	Activity
	Mean
	Variance
	
	

	
	
	(1,2)
	6
	0.44
	
	

	
	
	(1,3)
	4.33
	1
	
	

	
	
	(2,4)
	3.33
	1
	
	

	
	
	(3,4)
	9
	1
	
	

	
	
	(3,5)
	10
	2.78
	
	

	
	
	(3,6)
	12.17
	3.36
	
	

	
	
	(4,7)
	8.83
	1.36
	
	

	
	
	(5,7)
	2
	0.11
	
	

	
	
	(6,8)
	3.33
	0.44
	
	

	
	
	(7,9)
	15
	2.78
	
	

	
	
	(8,9)
	8.83
	0.69
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From the project diagram we find that

	PRIVATE 
ET(1) = 0
	LT(1) = 0 
	TF(1,2) = 4
	FF(1,2) = 0

	ET(2) = 6
	LT(2) = 10
	TF(1,3) = 0
	FF(1,3) = 0

	ET(3) = 4.33
	LT(3) = 4.33
	TF(2,4) = 4
	FF(2,4) = 4 

	ET(4) = 13.33
	LT(4) = 13.33
	TF(3,4) = 0
	FF(3,4) = 0

	ET(5) = 14.33
	LT(5) = 20.16
	TF(3,5) = 5.83
	FF(3,5) = 0

	ET(6) = 16.5
	LT(6) = 25
	TF(3,6) = 8.5
	FF(3,6) = 0

	ET(7) = 22.16
	LT(7) = 22.16
	TF(4,7) = 0
	FF(4,7) = 0

	ET(8) = 19.83
	LT(8) = 28.33
	TF(5,7) = 5.83
	FF(5,7) = 5.83

	ET(9) = 37.16
	LT(9) = 37.16
	TF(6,8) = 8.5
	FF(6,8) = 0

	
	
	TF(7,9) = 0
	FF(7,9) = 0

	
	
	TF(8,9) = 8.5
	FF(8,9) = 8.5

	
	
	
	


We find the critical path to be 1-3-4-7-9 with expected length of the project being 4.33 + 9 + 8.83 + 15 = 37.16 and the variance of the project length being given by 1 + 1 + 1.36 + 2.78 = 6.14.


Since the standard deviation of the length of the critical path is given by 6.141/2 = 2.48 we find that

                
CP - 37.16         40 - 37.16

P(CP(40) = P(                   (                  ) = 
                  2.48              2.48

= P(Z(1.15)           
 

= .875  . Alternatively we could find answer in EXCEL with the formula =NORMDIST(40,37.16,2.48,1)= .875.

We can find the critical path from the following LP:

min z = x9 - x1
s.t.    x2(x1 + 6

        x3(x1 + 4.33

        x4(x2 + 3.33

        x4(x3 + 9

        x5(x3 + 10

        x6(x3 + 12.17

        x7(x4 + 8.83

        x7(x5 + 2

        x8(x6 + 3.33

        x9(x7 + 15

        x9(x8 + 8.83


all variables urs

4a.
See figure

4b.
For the duration of each activity we find that

[image: image5.png])
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COMMENT Node 7 should not be there and D2 should connect to 8
	PRIVATE 
Activity
	Mean
	Variance

	(1,2)
	3
	0.11

	(2,3)
	2
	0.11

	(2,4)
	6
	1.78

	(4,7)
	2
	0.11

	(2,8)
	3
	0.44

	(3,5)
	3
	0.11

	(4,8)
	5
	0.44

	(4,5)
	1
	0.03

	(5,6)
	1.5
	0.03

	(6,8)
	2
	0.11

	(7,8)
	0
	0.00

	()
	
	



From the project diagram we find that

	PRIVATE 
ET(1) = 0
	LT(1) = 0
	TF(1,2) = 0
	FF(1,2) = 0

	ET(2) = 3
	LT(2) = 3
	TF(2,3) = 2.5
	FF(2,4) = 0

	ET(3) = 5
	LT(3) = 7.5
	TF(2,4) = 0
	FF(2,4) = 0

	ET(4) = 9
	LT(4) = 9
	TF(4,7) = 3
	FF(4,7) = 0

	ET(5) = 10
	LT(5) = 10.5
	TF(2,8) = 8
	FF(4,8) = 0

	ET(6) = 11.5
	LT(6) = 12
	TF(3,5) = 2.5
	FF(3,5) = 2.33

	ET(7) = 11
	LT(7) = 14
	TF(4,8) = 0
	FF(4,8) = 0

	ET(8) = 14
	LT(8) = 14
	TF(4,5) = 0.5
	FF(4,5) = 0

	
	
	TF(5,6) = 0.5
	FF(5,6) = 0

	
	
	TF(6,8) = 0.5
	FF(6,8) = 0

	
	
	TF(7,8) = 2.5
	FF(7,8) = 2.5


The critical path is 1-2-4-8 with expected length 3 + 6 + 5 = 14.

4c.
The variance of the critical path is 0.11 + 1.78 + 0.44 = 2.33.  Then the standard deviation of the critical path is 2.331/2 = 1.53.  Let D = random variable representing duration of the project and d = number such that 99% of the time the project duration is at most d days.  Then

P(D(d) = .99 or

        D-14               d-14

P(                  (                   ) = .99. 

         1.53


 1.53  

We find that F(2.33) = .99. Also we may use NORMINV(.99,14,1.53)= 17.56
                d-14

Thus                             = 2.33 or d = 17.56

                 1.53

Now if we begin project on June 13 we have 18 days to complete the project.  Thus if we begin the project on June 13, there is a 99% chance of completing the project by the end of June 30.

4d.


min z = x8 - x1
     s.t.    x2(x1 + 3

   

   x3(x2 + 2

  

   x4(x2 + 6    x8(x7
    

   x5(x4 + 1



   x5(x3 + 3

 

   x6(x5 + 1.5

 

   x7(x4 + 2



   x8(x2 + 3

 

   x8(x4 +5

 

   x8(x6 +2



all variables urs
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5a.From the project diagram we find that

	PRIVATE 
ET(1) = 0
	LT(1) = 0
	TF(1,2) = 0
	FF(1,2) = 0

	ET(2) = 5
	LT(2) = 5
	TF(2,3) = 0
	FF(2,3) = 0

	ET(3) = 13
	LT(3) = 13
	TF(3,5) = 0
	FF(3,5) = 0

	ET(4) = 17
	LT(4) = 17
	TF(3,6) = 8
	FF(3,6) = 8

	ET(5) = 23
	LT(5) = 23
	TF(3,4) = 0
	FF(3,4) = 0

	ET(6) = 26
	LT(6) = 26
	TF(4,5) = 0
	FF()4,5 = 0



Both are 1-2-3-5-6 and 1-2-3-4-5-6 are critical paths having length 26 days.
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5b. Let A = number of days by which we reduce duration of activity A, etc. and xj = time that event at node j occurs

     min z = 30A + 15B + 20C + 40D + 20E + 30F + 40G

               A(2, B(3, C(1, D(2, E(2, F(3, G(1

              x2(x1 + 5 ‑ A

              x3(x2 + 8 ‑ B

              x4(x3 + 4 ‑ E

              x5(x3 + 10 ‑ C

              x5(x4 + 6 ‑ F

              x6(x5 + 3 ‑ G

              x6(x3 + 5 ‑ D

              x6 ‑ x1(20

               A,B,C,D,E,F,G(0, xj urs   

SECTION 8.6
2. We begin at node 1 with arc (1,3). Then we add (in turn) arcs (3,5), arc (3,4), and arc (3,2). Total length of the tree is 15.

4a. Clearly MST has length 1+1 = 2.

4b. See Figure. Length of MST is AD+DC+DB=3DC. CDE is a 30-60 right triangle with angle DCE = 30 degrees and angle CDE = 60 degrees. Length CE = .5. Let length DE = x. Then length DC = (.25+x2)1/2. Since sine 30 degrees = .5, x/(.25+x2)1/2 = .5 which yields x = .5*(3)-1/2. Then length DC = 1/31/2 and length of MST = 3DC = 31/2, which is 13% smaller than 2!
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