Math 305 Summary of Duality
10/8/08
1. Every LP has a dual.

Assume LP is a max problem with ( constraints.

Primal Dual Table

           |   x1  x2 .......... xn  | rhs
     y1  | a11   a12           a1n  |  ( b1
     y2  | a21  a22           a2n  |  ( b2
     ...  |                              |

     ym | am1  am2          amn  |  ( bm
             ( c1 ( c2      ( cn  |

       Primal:

· Read objective function across bottom

· Read constraints left to right

      Dual

· Read objective function down rhs

· Read constraints top to bottom
TV primal/dual table:
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TV primal:

Max 15x1 + 45 x2
s.t                     x2  ≤    50

           x1 + 1.6x2  ≤  240

         .5x1 +   2x2  ≤  162

Max 15x1 + 45 x2   + 0 s1 + 0 s2   + 0 s3
s.t                     x2   + s1                            =   50

           x1 + 1.6x2               + s2                          =   240

         .5x1 +   2x2                            + s3     = 162

TV dual:

Min    50 y1 +  240y2  + 162 y3
s.t        0 y1 +        y2   +     .5y3  (  15

              y1  +  1.6 y2   +     2 y3  (  45

Min    50 y1 +  240y2  + 162 y3 +  0 e1  +  0 e2   
s.t        0 y1 +        y2   +     .5y3  -   e1                      =  15

              y1  +    1.6 y2  +     2 y3              -   e2  =    45

2. Interpretation
yi =value of resource i

Z= amount that must be paid for these resources

Goal:  minimize the cost of the resources that go into producing the two tvs.
Or:  suppose I want to redirect all the available resources, what is the minimum I need to use in my accounting? 

Constraint 1: the value of resources needed to make a reg tv are at least as much as could be gotten from selling 1 reg tv (15). 
Or: I need to satisfy ist constraint or else I would make 1 unit of x1
3. Corresponding Solutions: can be read from row 0 of the simplex table for a BFS
value of yi  = coefficient of si in row 0

value of ei  = coef of xi in row 0

y1 = s1 coefficient in row 0

y2 = s2 coefficient in row 0
y3 = s3 coefficient in row 0
e1 = x1 coefficient in row 0
e2 = x2 coefficient in row 0
	PRIMAL
	
	DUAL

	basic solution
	Z
	basic solution

	(x1, x2, s1, s2, s3)
	
	(y1, y2, y3, e1, e2)

	(0,  0,  50,  240, 162)
	0
	(0, 0, 0, -15, -45)

	(0, 50,  0, 160, 62)
	2250
	( 45, 0, 0, -15, 0)

	(125, 50, 0, 36, 0)
	4110
	(-15, 0, 30, 0, 0)

	(184, 35, 15,  0, 0)
	4335
	( 0, 6.25, 17.5, 0, 0)

	(160, 50, 0, 0, -18)
	4650
	(21, 15, 0, 0, 0)

	(324, 0, 50,  -84, 0)
	4860
	(0,  0, 30, 0, 15)

	(0, 150, -100, 0, -138)
	6750
	(0, 28.125, 0, 13.125, 0)


4.  Complementary Slackness

In a basic solution, there is a correspondence between basic/non basic primal/dual variables.

        xi↔ei
        yi↔si
If   xi is basic/nonbasic, ei is non basic/basic.
If   yi is basic/nonbasic, si  is non basic/basic.
Why:  Go back to 3. 

y1 = coefficient of s1 in row 0.

If s1 = 0 (s1 is non basic) y1 is positive, therefore basic.
If s1 > 0 (s1 is basic) y1 is zero, therefore non basic.
Interpretation: 
If resource i has positive value (yi >0) it will be used up  (si =0).                                                                                                                         If not (yi = 0), there will be some left over (si >0).

If we produce product i (xi >0), the value of resources that go into 1 unit of i will equal the profit (c1) from one unit of i  (ei =0). Otherwise they would be redirected.                                                                                                                        If we don't produce product i (xi = 0), the value of the resources used elsewhere will exceed the possible profit (ei >0).
5.  Duality Theory

Weak duality:  if (x1 ... xn) is a feasible solution to the primal and (y1 ... ym) is a feasible solution to the dual.  

                                      n               m


 (  ci xi  (   (   bi yi

 i=1            i=1

(Z for the primal (   Z for the dual)
Strong duality:  if (x1 ... xn) is an optimal solution to the primal and (y1 ... ym) is an optimal solution to the dual.  

                                      n               m


 (  ci xi  =   (   bi yi

 i=1            i=1

(Z for the primal =  Z for the dual)

6.  What good is this?

1) It is sometimes easier to solve the dual than the primal. 

· e.g. if m> n since the amount of work is related to number of constraints rather than variables

2) Exploit duality properties

· e.g. if a feasible solution to primal has corresponding dual solution feasible, they are optimal

· e.g. any Z for a feasible primal is a lower bound on optimal Z for dual

· any Z for a feasible dual is an upper bound on optimal Z for primal

e.g.   TV  (21 , 15) satisfies the dual

               Z = 50*21 + 240*15 = 4650

               so 4650 is an upper bound for primal

3) Economic insight

4) Interesting theory

5) You may have a solution to the dual after sensitivity analysis

     E.g. 6.3 problem 6d. With b1 = 30 the table becomes:  
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Solution to the primal is                  (0, 35, -5, 0 )     BIFS

Corresponding solution to dual is    (4, 1, 3, 0, 0)      BFS
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