6.2 Some Important Formulas

The problem: max   Z  = cX

                         st   AX =  b

	General Formulas


	TV

	A:   original coefficient matrix
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	c:   original contribution to Z, [c1, c2, ..cn]


	[15, 45, 0, 0, 0]

	b:   original rhs:   
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	X:   [x1, x2, ... xn]
	[x1, x2, s1, s2, s3]

	BV = {BV1,...BVm} 


	BV = {x2, s1, x1}


	XBV   =     
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	XNBV  =   
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	cbv  = [cbv1,... cbvm]


	[45, 0, 15]

	cnbv = [cnbv1,...cnbvn-m)]


	[0,0]

	aj: original column for variable j


	a1 =  
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	B: m by m matrix with a column for each BV
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	N: m by (n-m) matrix with a column for each NBV
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	Problem reformulation:

max z = cbv xbv + cnbv xnbv
s.t

        B xbv + N xnbv = b
	

	or

        xbv + B-1 N xnbv = B-1  b
	


Rewrite the TV problem in terms of matrices:
max z = [45, 0, 15] 
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Multiply by B-1 (= columns in final table corresponding to the original BVs s1, s2, s3):
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 EMBED Equation.3  [image: image24.wmf]ú
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 xbv +          B-1                 N      xnbv     =             B-1                      b

Simplify:

B-1  N =  
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                                                   B-1   b =
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LP becomes

max z = [45, 0, 15] 
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    Since the NBVs are 0, we can read the solution.
Where else are the numbers in B-1 N? 

These are the rows in the final tableau, rearranged to match the BVs
1.  Using   xbv + B-1 N xnbv = B-1 b to find columns in optimal tableau:
      RHS = B-1 b
    Columns for BVs are 0s and 1

[image: image73.wmf]c


     Columns for NBVs are  B-1 N xnbv  =>  B-1 aj    for column j
2.  Determining the optimal tableau's row 0:

Multiply constraint equations       B xbv + N xnbv = b                by     cbv B-1:
     cbv B-1 (B xbv + N xnbv = b)     
      cbv xbv + cbv B-1 N xnbv = cbv B-1 b    
(1)

Rewrite Z:   

    z = cbv xbv + cnbv xnbv
    z - cbv xbv - cnbv xnbv       = 0

(2)

Add (1) and (2):
z - cbv xbv - cnbv xnbv     + cbv xbv + cbv B-1 N xnbv = cbv B-1b
z - cnbv xnbv     + cbv B-1 N xnbv = cbv B-1b

z + (cbv B-1 N - cnbv) xnbv = cbv B-1  b   
(3)
(3) implies

E.g.   [45, 0, 15] 
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(3) also gives us the coefficient for xj in optimal row 0
(note we only care about NBV because the others are 0)

Pick out the xj part of 
        (cbv B-1 N - cnbv) xnbv
        cbv B-1 (column of N for xj)  - (coef for xj in cnbv)
z + ([45,0,15] 
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 = [45,0,15] 
[image: image37.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

-

-

833

.

4167

.

1

833

.

167

.

4

0

33

.

1

667

.

1

0


( if s2 and s3 were not slack, cnbv   would not be zeros)

E.g. the coefficient for s3 in optimal row 0: 

 [45, 0, 15] 
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 - 0 =   cbv B-1 a for s3 - c for s3  = 17.5


Or, putting in cbv B-1
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The coefficient for s2 in optimal row 0: 

 [45, 0, 15] 
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 - 0 =   cbv B-1 a for s2 - c for s2  = 6.25
Another way to look at slack or excess variables: original cj = 0 and the column has +/-1 in the row corresponding to the slack/surplus  so it is just +/- the ith element of cbv B-1- 0
       cbv B-1 a j    -  c j     = +/- ith element of cbv B-1 
cbv B-1  = [0, 6.25. 17.5]

 => coefficients for [s1, s2, s3]

For artificial variables: original row 0 has -M  ith element of 
cbv B-1 a j    -  c j     = cbv B-1  - (- M) =    cbv B-1  + M
Summary
The problem:

max z = cbv xbv + cnbv xnbv
s.t

        B xbv + N xnbv = b

or

        xbv + B-1 N xnbv = B-1  b
The sensitivity formulae:

	Original column for variable j:
	a j  

	Original Z coef.  for variable j:
	c j     

	Original rhs for constraints
	b

	m by m matrix with a column for each BV:


	B

	m by (n-m) matrix with a column for each NBV:


	N

	Optimal row 0:
RHS

Coef. of x j  
Coef. of slack variable s j  
Coef. of excess variable s j  
Coef. of artificial variable s j  
	cbv B-1 b


[image: image44.wmf]c

j  =   cbv B-1 a j  -  c j

jth element of  cbv B-1
- jth element of  cbv B-1
jth element of  cbv B-1 + M

	Optimal table:
xj column 
rhs
	B-1 a j 
 B-1 b


So, if we know x1, x2 and s1 are BV, can we fill in the table?

The order of columns in B changes to {x1, x2, s1}. 
Before it was determined by order of rows in final table {x2, s1, x1}.

B = 
[image: image45.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

0

2

5

.

0

6

.

1

1

1

1

0

   B-1 =  
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  cbv = [15, 45, 0]
1. Fill in top row

[image: image47.wmf]c

j  =   cbv B-1 a j  -  c j     

Find cbv B-1:
cbv B-1 = [15, 45, 0] 
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 = [0, 6.25 17.5]

[image: image49.wmf]c

for s2   = [0, 6.25 17.5] 
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for s3  =   [0, 6.25 17.5] 
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Can fill in x1,  x2,  s1 slots because they are basic and = 0. 

Check using formula for 
[image: image53.wmf]c
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1  =   cbv B-1 a 1  -  c 1     =  [0, 6.25 17.5] 
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2. Fill in value for Z

cbv B-1  b = [0, 6.25 17.5] 
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3. Fill in columns

xj column = B-1aj

Column for x1:

B-1a1  =  
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Did we have to compute this? No, it is a basic variable.

x2 column 
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s1 column =
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Column for s2:

B-1afor s2  =  
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Column for s3:

B-1afor s3 =  
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4. Fill in RHS:
B-1b = 
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Final table from before:
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Prepare 6.2 #1 to do in class, #2 for hwk
RHS of optimal tableau:   





		cbv B-1 b








The coefficient for xj in optimal row 0 is 





           	� EMBED Equation.3  ���j  =   cbv B-1 aj  -  c j     











� Ordered as they appear in rows of the final table
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