​​2.4 Exact Equations

xdy + ydx = 0 can be solved by 

1. separation of variables

2.  recognizing xdy + ydx = d(yx) leading to (yx)’ = 0 and yx = c
Harder:  
   2xy3dx + 3x2y2dy = 0   
and recognizing that this is

   d(x2y3) = 0  
solving to get

    x2y3= c
The differential of a function of 2 variables:

If   z = f(x,y)        dz = fx(x,y) dx + fy(x,y) dy   
Useful:    ∫dz = ∫(fx(x,y) dx + fy(x,y) dy)
fx(x,y) dx + fy(x,y) dy is called an exact differential
How can we recognize when an equation is exact?

M(x,y)dx + N(x,y)dy is exact if My = Nx    

M(x,y)dx + N(x,y)dy = 0  can be solved by finding the function that differentiated into the two pieces
Is  this exact:  2xy3dx + 3x2y2 dy= 0   
  M(x,y) = 2xy3

  N(x,y) = 3x2y2
  My (x, y)=  6xy2 = Nx(x,y)

  dz =2xy3dx + 3x2y2 dy   z = x2y3
Is  this exact:   ( 2xy3+ 2) dx + (3x2y2 -1)dy= 0  

  M(x,y)  = 2xy3+ 2, N(x,y)  = 3x2y2 -1
  My (x, y)=  6xy2 = Nx(x,y)

Guess  z = x2y3 +2x – y and solution is x2y3 +2x – y = c
How to do this besides guessing?   (not the book way)
  fx(x,y) = M(x,y)

Integrating :

   f(x,y)  = ∫ fx(x,y) dx
   = ∫M(x,y) dx + g(y)   
 
//g(y) is a constant of integration when integrating wrt x
   = ∫ (2xy3+ 2)dx + g(y) 
   = x2y3+ 2x + g(y)

Similarly

  f(x,y) = ∫ fy(x,y) dy =  ∫ N(x,y)  dy  + h(x)= ∫3x2y2- 1dy + h(x)  = x2y3- y +  h(x)

  f(x,y)  = x2y3+ 2x + g(y) 

             =  x2y3- y +  h(x) 

             = x2y3+ 2x – y =c
Example 1 (from book)

  2xydx + (x2- 1)dy = 0
  M(x,y) = 2xy     

  N(x,y)  =   (x2- 1) 
  My = Nx = 2x
  f (x,y) = ∫M(x,y)  dx + g(y)  = ∫2xy dx + g(y)  = x2y + g(y)  

  f (x,y) = ∫N(x,y)  dy  + h(x)= ∫(x2- 1)dy  + h(x)= x2y -y + h(x)

  f(x,y) = x2 y  – y 

  x2 y  – y= c

Example 3 (from book)
  dy/dx =    xy2 -cosx sinx            y(0)= 2

                   y(1 - x2)
y(1 - x2)dy =   (xy2- cosx sinx)dx

y(1 - x2)dy +   (cosx sinx- xy2)dx = 0

  M(x,y)  = cosx sinx- xy2
  N(x,y)  =  y(1 - x2)

  My = Nx = -2xy

  f(x,y)  = ∫M(x,y)  dx + g(y)  
             = ∫( cosx sinx- xy2)dx + g(y)  
             = sin2 x/2  - x2y2/2  + g(y)   




  f(x,y)  = ∫N(x,y)  dy  + h(x)
             = ∫ y(1 - x2) dy + h(x) 
              = y2 (1 - x2)/2 + h(x)

  f(x,y)  = sin2 x/2  + y2 (1 - x2)/2 = c
  sin2 x  + y2 (1 - x2 ) = c

       2                2

  sin2 x+ y2 (1 - x2 ) = c

But book is   y2 (1 - x2 ) -cos2 x= c

Are these different? (no, sin2 x + cos2 x = 1 )
Using y(0)= 2

  sin2 0+ 22 (1 - 02 ) = c
  c = 4

  sin2 x+ y2 (1 - x2 ) = 4
Integrating factors (we will skip) 
Back to 2xy3dx + 3x2y2 dy   = 0
What if it were 2y3dx + 3xy2 dy = 0?

If we get lucky, we multiply through by an integrating factor of x.
There are ways to find integrating factors.  We won’t do this.

Comment:   This method assumes M(x,y)dx + N(x,y)dy = 0,   not M(x,y)dx + N(x,y)dy = f(x,y),  since it would be unclear what to integrate f(x,y) with respect to

