5.2 Linear models: Boundary Value Problems
Another example where linear DEs come up
 (
--------------------------------------------------
)Deflection of a beam
Assume a beam of length L with uniform cross sections       
								                     Axis of symmetry
In real life it bends 
y(x) = distance it sags
deflection or elastic curve

Bottom line:
EI y(4) = w(x)  where  E is Young’s modulus of elasticity of the material, I is moment of inertia of a cross section and w(x) is weight per unit length  at x

Discusssion:
Moment: used to describe a bending force on a beam
Bending moment M(x) is 
1. related to the load per unit length by  M” = w(x) 
2. proportional the the curvature of the elastic curve:  M(x) = EIκ
Curvature κ = y”/[1+(y’)2] 3/2    (does anyone remember this?)
When deflectinis small y’ ~ 1
κ ~ y”
M(x) = EIκ 
M(x) = Eiy”
M” = w(x) -> (Eiy”)” = w(x)

Resulting DE:
EI y(4) = w(x)  

Boundary conditions determined by how the ends are supported.

Example: a beam embedded at both ends (ends are rigid). Assume a uniform weight 
w(x) = w0 per unit length
x(0)= x(L) =x’(0)= x’(L) = 0
(instantaneous change in x = 0 because of rigidity)
EIx(4) = w0
 Homogeneous: y(x) = c1 + c2 x + c3 x2+ c3 x3
yp = A x4
Plug in DE: AEi(4)(3)(2) = w0
A = w0/24EI

General solution:
y(x) = c1 + c2 x + c3 x2+ c4 x3 + w0/24EI x4

x(0)=x’(0) = 0 give c1 = c2 =0
y(x) = c3 x2+ c4 x3 + w0/24EI x4
x(L)=x’(L) = 0 … c3  = w0L2/24EI, c4  =- w0L2/12EI
y(x) = w0L2/24EI x2- w0L2/12EI x3 + w0/24EI x4

note y”(0) = 2w0L2/24EI   (slope is changing)

How would this change if the beam hung free at L?
y(0) = y’(0) = 0, y”(L)= y”’(L) = 0
bending moment is 0, shear force is 0
You don’t know what y(L) or Y’(L) is but assume nothing contributes to a change in y’ or y’’

How would this change if the beam were simply supported?
Remove y’() = 0, add y”()= 0
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