Section 9:  Orbits, Cycles, and the Alternating Gp
Give a set A and a permutation ( on A we can create an equivalence relation A as follows:

  a~b iff b=(n(a) for some n in Z.    [Why is it an equivalence rel.]

This partitions A into equivalence classes and are called the orbits of (.   

Examples:  

1.  The permutation is the identity permutation i.  

2. 
( =    1  2   3   4   5   6  7  8   9              
          6  3   2   4   7   8  9  1   5  

1(6   6(8    8(1       {1,6,8}    What are the others?
Cycles:  A permutation is a cycle if it has at most orbit containing more than 1 element.  The number of elements is the length of the cylcle.
(  =    1  2   3   4   5   6  7  8   9          written    (2,6,7)      [length 3 ]
          1  6   3   4   5   7  2  8   9               or (6,7,2) or (7,2,6)
What does (2,6,7) do to the numbers from 1 to 9?

What does (2,6,7)(3,4) do to the numbers from 1 to 9? 
( =    1  2   3   4   5   6  7  8   9              
          6  3   2   4   7   8  9  1   5  

Note that ( =  (1,6,8)(2,3)(5,7,9)    
These cycles are called disjoint since no two have no numbers in common.  This is called a product of disjoint cycles. Note that products of disjoint cycles is commutative.
Theorem:  Every permutation ( of a finite set is the product of disjoint cycles.  

The proof of this uses the orbits described earlier.  They are disjoint since the orbits are equivalences classes for an equivalence relation so must be disjoint.

Fact:  Every reordering of 1,2,3, …n  can be created with a sequence of interchanges of pairs of numbers.  How do we get this?

Definition: A cycle of length 2  is a transposition.  
Look at the following product of transpositions.  What does it do?

(a1,an) (a1,an-1) …(a1,a3) (a1,a2)

This shows any cycle is the product of transpositions.

So any permutation of a finite set with at least 2 elements is the product of transpositions since it is the product of (disjoint) cycles.
Theroem: No permutation can be expressed as the product of both an even number of transpositions and an odd number of transpositions.  

[If it could, the determinant function would get two different answers for det A for some matrices.]
Definition:  A permutation is even or odd according to whether it can be expressed as an even or odd number of transpositions.  

[Remember how we determined this in linear.]

Theorem:  If n(2 the the collection of all even permutations of {1,2,3, …,n} forms a subgroup of order n!/2 of the symmetric group Sn.  
Why is it a group?  

Why does it have order n!/2 ? (Find a 1-1 and onto map from the set of even permutations to the set of odd permutations.)

This group is called An the alternating group on n letters.

This is an important group and is used to show there are no formulas for solving polynomials of degree 5 or more.



























