Section 8:  Groups of Permutations
This section will give us examples of finite nonabelian (not commutative) groups.  The operation will involve composition of functions, which we have seen is not commutative in general.

We discussed permutations when we introduced the determinant in Linear Algebra.

A permutation of  {1, 2, . .  .  , n}  is an arrangement of these integers without repetition or omission.  

For    {1}         (1)    one

         {1,2}       (1,2)   (2,1)    two

         {1,2,3}    (1,2,3)  (1,3,2)  (2,1,3)  (2,3,1)  (3,1,2)  (3,2,1)  six

How many permutations of  {1,2, . . . , n}?      

n!    [Fundamental counting principle or mathematical induction.]

General permutation:    ( j1 , j2 , j3 ,  . . .  jn )  
We will consider permutations in a different way here.  As functions on a finite sets.

Definition:   A permutation of a set A is a function ( : A ( A that is both one-to-one and onto. 
For example one permutation of {1,2,3}  is the function that takes
1(3   2(2   3(1.
How do we construct a “group of permutations”?  We need an operation.
Give ( and (, permutations what will we mean by ((?

How about function composition.  (o(   [watch out for order]
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Is the composition of permutations a permutation?  Prove it.

Notational short hand:


( =    1  2   3   4   5           ( =    1  2   3   4   5        
          3  5   2   4   1                   2   4   1   5   3
Find   ((3)   ((2)      (((1)      (((1)     and more.
Find   ((    and   ((.

Guess what (-1  should be?
Theorem:  Let A be a nonempty set and let SA be the collection of all permutations of A.  Then SA is a group under permutation multiplication.  
Proof.
Note:  The set A can be finite or infinite.  If A and B have the same cardinality then SA is isomorphic to SB.  Why?

Definition:  Let A be the finite set {1,2,3, …,n}.  The group of all permutations of A is the symmetric group on n letters, and denoted Sn.          [We showed that the order of Sn is n!.]
Use the text (or copies of it) while discussing S3 and D4.
S3 is the smallest group that is not abelian.  It has 6 elements.  We examined groups of order 4 and we will show there is only one group of order 5, and it is cyclic (isomorphic to Z5.)  

S3 is isomorphic to the group of symmetries of an equilateral triangle, D3.  The group of symmetries of a square, D4, is a subgroup of S4.  
Groups of permutations are very general, as shown by the next theorem.  
Cayley’s Theorem.  Every group is isomorphic to a group of permutations.
To prove this we need a lemma which will be useful in other places.  We need a definition we saw in Discrete.

Definition: L f: A(B be a function and H a subset of A.  The image of H under f is {f(h) ( h(H} and is denoted f[H].

Lemma: Let G and G( be groups and let (: G( G( be a one-to-one function such that ((xy)= ((x) ((y) for all x and y in G.  Then ([G] is a subgroup of G( and ( is an isomorphism of G with ([G].
proof:

Cayley’s Theorem.  Every group is isomorphic to a group of 
permutations.
proof:

In the proof of Cayley’s Theorem  we used ((x)=(x  where (x(g)=xg.  This is called the left regular representation of G.  One could also use the right regular representation of G with ((x)=(x  where (x(g)=gx.  
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