Section 6:  Cyclic Groups
Recall the following 2 definitions:

Definition: Let G be a group and  a(G.  Then the subgroup 

{an ( n(Z} is called the cyclic subgroup of G generated by a and is denoted (a(. 

 Definition: An element a of a group G generates G and is a generator for G if (a( = G. A group G is cyclic if there is some element of G that generates G.

Some more Definitions:  If the cyclic subgroup (a( of G is finite then the order of a is the order ((a(( of this cyclic subgroup. Otherwise we say a is of infinite order.

We will describe all cyclic groups and their subgroups.  We will see how they serve as building blocks for many abelian groups.
Therorem:  Every cyclic group is abelian.   Prove it.

Recall the division algorithm. [If m is a positive integer and n is any integer, then there are unique integers q and r such that 

      n = mq+r  and  0 (  r < m.  [why is it true?]

Theorem:  A subgroup of a cyclic group is cyclic.

                    Idea of proof:  Give G=(a( and H a subgroup of G.  If H is just the identity e, then it is cyclic.  If not, then it has another element in it, which must be of the form an where n(Z+. (Why?)  Let m be the smallest positive integer such that an is in H.  We show that (a m( = H.  Suppose b is in H. [We must show b can be written as a power of  a m. ]  

We know b=an for some n since it is in G.  We use the division algorithm to write n = mq+r   where 0 (  r < m.  So
b=an = amq+r = amq ar = (am)q ar  .  Now b and (am)q are both in H. (Why?)  Thus ar is in H.  Since m is the smallest positive integer such that am is in H and 0 (  r < m, r must be 0.  Thus b=(am)q and b is in (a m(.  
Corollary:  The subgroups of Z under addition are precisely the groups nZ under addition for n(Z.  

[ Z = (1( is cyclic.  The set of nZ = (n( are all the cyclic subgroups of Z.  [We have included all the possible generators of a cyclic subgroup.] The theorem says there can be no other subgroups.

Definition:  Let r and s be two positive integers. The positive generator d of the cyclic group H = {nr + ms ( n,m (Z} under addition is the greatest common division of r and s. [d=gcd(r,s)] 
Note: H is shown to be a subgroup of Z under addition in problem 45.
Two numbers are said to be relatively prime if their gcd is 1. If r and s are relatively prime and r divides sm, then r divides m.  Prove it.  
The following theorem describes all cyclic groups (up to isomorphism.

Theorem: Let G be a cyclic group with generator a.  If the order of G is infinite, then G is isomorphic to (Z,+(.  If G has finite order n, the G is isomorphic to (Zn,+n(. 

Proof. 

Subgroups of Cyclic Groups:
The last theorem says infinite cyclic groups are isomorphic to Z.  We showed earlier that the subgroups Z are in the form nZ.  Thus we have characterized the subgroups of infinite cyclic groups up to isomorphism.

What about the subgroups of finite cyclic groups?

Theorem: Let G be a cyclic group with n elements and generated by a.  Let b(G and let b=as.  Then b generates a cyclic subgroup H of G containing n/d elements, where d is the gcd(s,n).  Also, 
(a s( =  (a t( if and only if  gcd(s,n)  =  gcd(t,n).
Proof.

Example:  Look at Z20 under addition with generator 1.  What subgroup does 5 generate.  {0,510,15}.  The gcd(5,20)=5 so there should be 20/5 = 4 elements in (5(, which is true.  What about (16(?  How many elements should be in it?  Find it and see if you are correct.
Corollary:  If a is a generator of a finite cyclic group G of order n, then the other generators of G are the elements of the form ar, where r is relatively prime to n.
See example 6.17

Do the diagram for Z20.



























