Section 5:  Subgroups
Notation and Terminogy:

Algebraists often use ab or a+b instead of a(b if there if no confusion results.  Generally + is reserved for commutative binary operations. The Similarly they use a-1 or -a instead of a( for the inverses or possibly 1 and 0 for the identities for the “multiplication” form and “addition” form respectively. One needs to be careful not to make assumptions when these standard notations and symbols are used.
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Examples that are generally true:
a+a=2a   2a+(-a)=a    a2 = aa   a-2a3 = a  [ rules   aman = am+n ]
Definition:  If G is a group, then the order (G( of G is the number of elements in G. [i.e. the cardinality of the set G]

Definition: If a subset H of a set G is closed under the binary operation of G and if H with the induced operation from G is itself a group, then H is a subgroup of G.  We denote this H(G or G(H.  If H is a subgroup of G but not equal to G we call it a proper subset of G and denote it H<G or G>H.  G is the improper subgroup of itself.
The set containing only the identity element in a group, {e}, is the  trivial subset of the group, and all others are non-trivial.

What are subgroups of R with addition? with multiplication?

How about M2(R) under addition?  

How about functions from R to R under addition?
Discuss Example 5.9. Two distinct groups of order 4.

1.  (which is isomorphic to U4 the fourth roots of 1) 

2. V the Klein 4-group 
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               Note: The set of the 4 matrices   below under matrix multiplication is isomorphic to V.  
        1   0         -1   0       -1   0       1   0
        0   1          0  -1        0    1      0   -1    
Look for the subgroups of each of these groups.
Subgroup Diagrams.  We can draw a diagrams that show how subgroups appear in a group.
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Theorem:  A subset H of a group G is a subgroup of G if and only if:
              1. H is closed under the binary operation of G

              2. the identity element e of G is in H

              3. for all a in H it is true that a-1 is also in H.

Proof:

Cyclic Subgroups:

 Suppose you had a subgroup in Z20 that contains 5.  Then it must contain 5+5 = 10 , 5+10 = 15, 5+15= 0 (and then it starts to repeat).  
In a multiplicative situation you could look at a, a2, a3, … 

If we have a subgroup then e=a0 and a-1 must be in it so all powers of a must be there. Note, when powers of a are multiplied together you get another power of a.

Theorem: Let G be a group and a(G.  Then H={an ( n(Z} is a subgroup of G and it is the smallest subgroup that contains a, that is, every subgroup containing a contains H.
Proof: 
Definition: Let G be a group and  a(G.  Then the subgroup 

{an ( n(Z} is called the cyclic subgroup of G generated by a and is denoted (a(. 
 Definition: An element a of a group G generates G and is a generator for G if (a( = G. A group G is cyclic if there is some element of G that generates G.
Is Z4 cyclic? If so, what are the generators of Z4?  How about V?

Is Un cyclic?
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