Section 4:  Groups
Recall when we studied relations we discussed different properties relation could have.  For example, one might be reflexive or perhaps it is a function.  We discovered that three properties - reflexive, symmetric and transitive - combined to make a very important and useful relation, an equivalence relation.  

Similar situations occur when we study sets with binary operations. We talked about some structural properties. If we have the right combination of properties, important and useful algebraic structures result.

What are some useful things we have done with algebra?  Solving a simple equation in the integers is an example. 
                                                                (reasons?)
                    9 + x = 4

         -9 + ( 9 + x) =  -9 + 4

         (-9 + 9) + x  =  -9 + 4

                    0 + x =  -9 + 4
                          x =  -9 + 4
                          x = -5 

What properties were used?
Definition:  A group (G,() is a set G, closed under the binary operation (, such that the following axioms are satisfied:
   (1) For all a,b,c in G, we have (a(b) (c = a((b (c). (associativity)

   (2) There is an element e in G such that for all x in G
                e(x = x(e = x  (identity)

    (3) For each a in G, there is an a( in G such that
                 a(a( =  a((a = e      (inverses)

Examples: Which are groups?  (R+,+),  (R+, (), Complex Nos. with multiplication,  Un  with multiplication, examples from linear algebra---

Mmxn(R) is the set of all mxn matrices with real numbers entries.  Is is a group under addition. 

Mn(R) is the set of nxn matrices with real number entries.  Is it a group under matrix multiplication.
Show that the set of all invertible nxn matrices with real entries is a group under matrix multiplication.  This  group is called the general linear group of degree n and is denoted GL(n,r).  The set of linear transformations from Rn to Rn is denoted GL(Rn) and we found in Linear Algebra that GL(n,r) is isomorphic to GL(Rn).

Theorem:  If G is a group with binary operation (, then the left and right cancellation laws hold in G, that is a(b= a(c implies b=c and b(a=c(a implies b=c for all a,b,c in G.   Prove it.

Theorem: If G is a group with binary operation (, and if a and b are any elements of G, then the linear equations a(x=b and y(a=b have unique solutions x and y in G.  Prove it.

Theorem:  (uniqueness of identity)In a G is a group with binary operation (, there is only one element e such that e(x = x(e = x  for all x in G.
Theorem: (uniqueness of inverses) In a G is a group with binary operation (, for each a in G there is only one element a( in G such that a((a = a(a( = e .

Corollary:  For all a and b in G, (ab)( = b(a(.

Fact:  The following three conditions are sufficient to guarantee (G,() is a group.

  1. ( is associative on G.

  2. There exists a left identity element e such that e(x = x for all  

         x in g.

  3. For each a in G there is a left inverse a( in G such that a((a = e.
 Proving this is one of your harder homework problem.
Group Tables:

Make a table for a group with two elements.  What do you discover?

Some observations and questions about tables for groups:

1. The identity e must appear in every row and every column. Why?

2. Can any element appear twice in a row or column? What conclusion can you make about the table of a group?
Use this conclusion to find all groups with three elements.

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


























