Section 3  Isomorphic Binary Structions
Recall our discussion about equivalence relations and how it leads to different fields of mathematics.  We now examine the equivalence relation that is fundamental in the area of abstract algebra. 

The natural numbers (Z+) with the binary operation addition is one most basic mathematical structures we study.  We are used to the objects and operation having particular representation.  3+7=10
[digits 0,1,2,3,4,5,6,7,8,9 using base 10 notation and operation +]

Suppose someone used different symbols for the digits and operation or even change the base for representing the objects. Would the underlying algebraic structure be different.

e.g. For examples, think about base 2, hex, Roman numerals or the following

EGYPTIAN NUMERATION SYSTEM  (3400 BC)
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Uses grouping by tens and special symbols.
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is equal to ten thousand, two hundred and thirteen.  10,213

Consider the following tables:  Which do you think should be algebraically equivalent?
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Definition:  Let (S,() and (S',(') be binary algebraic structures.  An isomorphism of S with S’ is a one-to-one function ( mapping S onto S’ such that 

                   ((x(y)= ((x)('(( y)    (homomorphism property)
If this is the case we say S and S' are isomorphic binary structures and write it S ( S'

Proving Binary Structures are isomorphic:

1. Define (.

2. Show ( is one-to-one.
3. Show ( is onto.
4, Show ((x(y)= ((x)('(( y)  for all x,y in S.  

Examples:

Prove (R,+) is isomorphic to (R+,•).

Prove (2Z,+) is isomorphic to (6Z,+)

How do you show two binary structures are not isomorphic?

Show  the are a different cardinality.  Why does this work?

Cardinality is an example of a structural property.  A structural property of a binary structure is that must be shared by two isomorphic binary structures.  Thus, if one structure has the property and the other does not, they cannot be isomorphic.
Think of some examples of properties that are structural and some that are not.

Definition:  Suppose (S,e) is a binary structure.  An element e in S is called an identity element for ( if e(s = s(e = s for all s in S.
Theorem:  (uniqueness of identity element).  A binary structure has at most one identity element.  [prove it]

Theorem: Having an identity element is a structural property. [prove it].

Can (Z,+) and (Z+,+) be isomorphic?

Can (M2(R), • )and (R4, •) be isomorphic?

Do problem 31.
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