Section 19: Integral Domains
Suppose you were solving the equation x2-7x+10=0.
You would factor and get (x-2)(x-5)=0 and conclude that x=2 or x=5.  Why can you make that final conclusion?  ab=0 implies a=0 or b=0.  

What if you were solving the problem in Z20?  
  (17-2)(17-5)=180=0 mod 20 so 2 and 5 are not the only solutions.
This problem occurs when we have the product of two non-zero numbers getting 0.  3x2=0 in Z6
Definition: If a and b are elements of a ring R such that ab=0, then a and b are divisors of zero (or zero divisors).

Find all zero divisors in Z12.

Theorem: In Zn the zero divisors are all elements that are not relatively prime to n.   

Prove it.

Corollary:  If p is prime, the Zp has no zero divisors.
Theorem:  The cancellation laws hold in a ring R if and only if R has no zero divisors.  

Prove it.

Definition: An integral domain is a commutative ring with unit 1(0 and containing no zero divisors.  

In an integral domain you can solve polynomials the way we usually do without the problem we encountered above.

Theorem:  Every field is an integral domain. 
Proof:  

Recall a field is a commutative division ring
Note:  The text starts to write the multiplicative inverse for an element of a field as follows:
              as=sa=1  s=1/a     bs=b/a   [looks familiar]

Theorem:  Every finite integral domain is a field.

proof:

Corollary: If p is prime, then Zp is a field.

Definition:  If for a ring R a positive n exists such that na=0 for all a in R, then the least positive integer is the characteristic of the ring. If no such positive integer exist, then R is of characteristic 0.  

Zn is of characteristic n.  Z, R, C are of characteristic 0.

Theorem:  Let R be a ring with unity. If n1(0 for all n in Z+ then R is of characteristic 0.  If n1=0 for some n in Z+, then the smallest such n is the characteristic of R. 

Proof.



























