Section 18: Rings and Fields
Thus far we have studied structures with one binary operation. In other courses we have worked with structures such as the real numbers and integers that have more than one operation.  We will examine some of them now. We begin with rings.

Definition:  A ring  <R,+,(>  is a set R with two binary operations + and (, which we call addition and multiplication, defined on R such that the following axioms are satisfied:

      1. <R,+> is an abelian group.

      2. Multiplication is associative.

      3. The left and right distributive laws hold:  

          a((b+c)=(a(b)+(a(b)     (a+b)(c=(a(c)+(a(c)     
[We generally leave out the multiplicative operation and perform multiplications before addition (if there are no parentheses) so, for example, the last law reads  (a+b)c=ac+ac.]
Examples:  Every subset of the complex numbers that is a group under addition and closed under multiplication is a ring.  Z, R, C, Q.  What about the irrationals?

Matrices:  All nxn matrices.  What about invertible nxn matrices?

Functions from R to R.  What operations?

nZ.   What about Zn?

What about direct products of a finite number of rings?

Theorem: Suppose R is a ring with additive identity 0.  Then for any a,b in R the following hold:

       1. 0a=a0=0

       2. a(-b)=(-a)b= -(ab)

       3. (-a)(-b)=ab.

Prove them.

Homomorphisms and Isomorphisms
Definition: A map ( of a ring R into R( is a homomorphism if the following are satisfied for a,b in R:

         1.  ((a+b)= ((a)+((b)

         2.  ((ab)= ((a)((b) 

Examples:

1. Let F be the functions from R to R.  For each a in R we can define a ring homomorphism (a  from F into R as follows:  

 (a(f)=f(a).  [This is called the evaluation function since it just evaluates f at a.] Prove it is a ring homomorphism.
2. Define (:Z(Zn by  ((x)=x mod n. Prove this is a homomorphism.
Definition: A map ( of a ring R into R( is an isomorphism if it is a one-to-one and onto homomorphism. 

1. Show ((x)= -x is a ring isomorphism from Z to Z. 
2. Is ((x)= 2x a ring isomorphism form Z to 2Z?  Explain

Definition: A ring in which the multiplication is commutative is a commutative ring.  A ring with a multiplicative identity element is a ring with unity; the multiplicative identity element 1 is called the “unity”.  
Examples:  R(reals), Z and Zn are examples commutative rings with unity.
One can show in a ring with unity that by adding up 1’s and regrouping that 

           (n times 1) (m times 1) = nm times 1.

Suppose r and s are relatively prime. We can use this to show that Zrs is ring isomorphic to ZrxZs using  the function defined by 
((n) = ((n(1)= n(1,1).  Prove it.

Definition: A multiplication inverse of an element a in a ring R with unity 1( 0 is an element a-1(R such that aa-1=a-1a=1.

Definition: Let R be a ring with unity 1( 0. An element u in r is a unit of R if it has a multiplicative inverse in R. If every nonzero element of R is a unit, the R is a division ring (or skew field).  A field is a commutative division ring.  A noncommutative division ring is called a “strictly skew field.”

Find the units in Z10.  
Is Z a field? What are its units?

Explain what is meant by subring and subfield.

What is the difference between unit and unity?



























