Section 15:  Some Factor Group Computations
Suppose G is a group.  Both G and {e} are normal subgroups of G. What are G/G and G/{e}?

  Recall that if  ( : G( G( is a group homomorphism with kernel H.  Then ([G] is isomorphic to G/H.

Let ((x)=e for all x in G.  This is a homomorphism so  ([G]={e} and Ker(()=G.   Therefore G/G={e}.

Let ((x)=x for all x in G.  This is a homomorphism so  ([G]=G and Ker(()=e.  Therefore G/{e}=G.

Thereom:  Let G=HxK be the direct products of groups H and K.  Then H(={(h,e) (h(H} is a normal subgroup of G.  Also G/H( is isomorphic to K.  [Similarly for K(].
Proof:  Show normal and then use (2 .

Theorem: A factor group of a cyclic group is cyclic.

Proof.  Suppose N is a normal subgroup of G=<a>.  [Remember, cyclic groups are abelian so all subgroups of cyclic groups are normal. ]   We claim aN generates all cosets of N.  Suppose xN is a coset of N.  Then x=ak so xN= akN=(aN)k so is generated by aN.
Definition:  The center of a group is the set 

                              Z(G)={z(G ( zg=gz for all g(G}.

Prove the center is an abelian subgroup of G.

Find the center of the following:
    an abelian group

    S3
Definition:  The commutator subgroup of a group is the set 

                              C(G)={c(G ( c=aba-1b-1 for all g(G}  and 

elements of the form aba-1b-1 are called commutators.
Find the commutator subgroup of the following:

    an abelian group

    S3
    S3xG where G is abelian 

Facts:

C is normal (prove it)

If N is a normal subgroup of G, then G/N is abelian if and only if C(N.



























