Section 14:  Factor Groups
The material is covered in a different order than it is in the text.

In this section we show how, for some subgroups H of G, we can make a group out of the cosets of H.  How do we do this?
How do multiply two cosets?

We could try the following multiplication from the P(G) to P(G) as follows:    Suppose A and B are subsets of a group.  

AB = {g(G ( g=ab where a(A and b(B}

[examples]  Suppose H is a subgroup.  What is HH?
We try could do this for cosets.   However, we would like the following to be true: 

(aH)(bH) = (ab)H.             Is it always true?

Let H={(0,(2} in S3.     Check if   ((1H)((2 H) = ((1(2)H    using  

                                       the table on page 79. 
What would it take to get  (aH)(bH) = (ab)H?
[Answer:  Every left coset must be a right coset. Recall the following definition.] 
Definition: A subgroup of a group G is normal if its left and right cosets coincide, that is, if gH=Hg for all g(G.  

Why does this work?    Prove containment both ways to show (aH)(bH) = (ab)H. 
So if H is a normal subgroup, the set multiplication on cosets is the same as the one we get using (aH)(bH) = (ab)H.

Theorem:  Suppose G is a group and H is a normal subgroup of G.  Then the set of cosets of H form a group with the operation (aH)(bH) = (ab)H.  This group is called the quotient group (or factor group) and is denoted G/H.
Why is this a group?  [Explain why the binary operation is well-defined, the operation is associative, there is an identity, and every coset has an inverse coset.]
Example: What is Z/4Z?  
Making the cosets a group in this way allows us to prove the 
Fundamental Homorphism Theorem.  Suppose ( : G( G( is a group homomorphism with kernel H.  Then ([G] is isomorphic to G/H.
[We have shown that the kernel of a homomorphism is a normal subset of G so G/H is a group.  We have also shown that the homomorphic image of a group G is a subgroup so ([G] is a group.
Proof:  To show that ([G] is isomorphic to G/H we will find a one-to-one and onto homomorphism ( from G/H to ([G].  Suppose aH is in G/H.  Define ((aH)=((a).
Show it is well defined, one-to-one, onto, and is a homomorphism.  

Example 

( : Z( Z4   where ((n)= n mod 4.   Check the theorem.
(: Z( 4Z   where ((n)= 4n.   Check the theorem.
Normal Subgroups and Inner Automorphisms:

Theorem:  The following are three equivalent conditions for a subgroup of H of a group G to be a normal subgroup of G.

     1. ghg-1(H for all g(G and h(H.

     2. g-1hg(H for all g(G and h(H.

     3. gH=Hg for all g(G.

Exercise 29 shoes that ig : G(G given by ig(x)= gxg-1 is a homomorphism from G into itself.  In fact it is an isomorphism. 

Definition:  An isomorphism (:G(G of a group G with itself is called an automorphism.  The automorphism  ig : G(G where  ig(x)= gxg-1 for all x in G, is the inner automorphism of G by g.  Performing ig on x is called the conjugation of x by g.



























