Section 13:  Homomorphism and Factor Groups
Recall the following definition from Section 3:
Definition:  Let (S,() and (S',(') be binary algebraic structures.  An isomorphism of S with S’ is a one-to-one function ( mapping S onto S’ such that 

                   ((x(y)= ((x)('(( y)    (homomorphism property)

If this is the case we say S and S' are isomorphic binary structures and write it S ( S'.

It turns out that when studying groups (and other structures) the homomorphism property without necessarily the one-to-one and onto properties leads to interesting mathematics.

Definition: A map ( of a group G into G( is a homomorphism if the homomorphism property   ((ab)= ((a)((b) holds for all a,b(G.

Examples of homomorphisms:
1. Any isomorphism of groups that we have already seen. This includes the identity isomorphism.

2. Trivial homomorphism.  ((a)=e( for all a(G. Does this tell you anything about the structure of G and G(?
3. The function ( from Sn to Z2 that takes even permutations to 0 and odd permutations to 1.  [Prove it is a homomorphism.]

4. Linear Transformations (from linear algebra). [Explain]

5. The determinant.  [Explain]

6. The projection of a direct product of groups onto one factor. (i 

7. The definite integral in calculus.  

8. Mod n function from Z into Zn.  

Theorem:  The composition of two group homomorphisms is a homomorphism.  Explain.  [exercise 49]  

Recall the following properties from Discrete Mathematics.

    Given   f: X(Y is a function and A(X and C(Y.

   image of A is           f(A) = {y(Y ( y=f(x) for some x(A}  

   inverse image of C is    f-1(C) = {x(X ( f(x)(C}   

This text uses the same terminology with square brackets instead   

 of parentheses.  It calls f[X] the range of f.

Theorem:  Let ( be a homomorphism from a group G into a group G(.    [Prove the following.]

1. If e is the identity of G then ((e)=e( where e( is the identity of G(.   
2.  If a(G, the ((a-1)= ((a)-1.  

3. If H is a subgroup of G, the ([H] is a subgroup of G(.   

4. If K( is a subgroup of G(, then (-1[K(] is a subgroup of G.
Definition:   Let ( be a homomorphism of groups from G into a G(. 

The subgroup (-1(e()={x(G ( ((x)=e(} is the kernel of (, and denoted Ker(().
Look at some of the examples about and decide what the kernel is for them.
Theorem:  Let ( be a homomorphism of groups from G into a G( and let H=Ker(().  Let a(G.  Then the set 

                      (-1[{((a)}]= {x(G ( ((x)=((a)}  

is the left coset aH and the right coset Ha.  Thus the partitions into left and right cosets are  the same.

Proof:

Example:  Suppose D is the set of differentiable functions from R to R and F is the set of all functions from R to R.  Let ( be the function from D to F that maps f onto f(.  Show that ( is a homomorphism and find Ker(f). What if (-1(f) if f(x)=2x?
Corollary:  A group homomorphism is one-to-one if and only if Ker(()={e}.

With this we now can show that ( is an isomorphism by showing that 

1.  It is a homomorphism

2.   Ker(()={e}

3.  It is onto.

Definition: A subgroup of a group G is normal if its left and right cosets coincide, that is, if gH=Hg for all g(G.  

What can you say about the subgroups of abelian groups?

Corollary:  If (:G(G( is a group homomorphism, then Ker(() is a normal subgroup of G.



























