Section 11:  Direct Products of Groups
Recall that we defined the Cartesian product of two sets A and B as AxB = {(a,b) ( a(A ( b(B}.

We can generalize this for n sets S1, …Sn as 

S1 x S2 x … x Sn =  {(s1, s2, …, sn) ( si(Si  for i = 1,…n }
We can create new groups from old groups by taking cartesian  products of their underlying set and finding an appropriate operation on the n-tuples.  What operation should we use?
Try to come up with operations for 

ZxZ

ZxR

ZxZxZ

Z2xZ3    
The group we get when we use a coordinatewise operation on the Cartesian Product is call the direct product of the groups if the operations in the groups are multiplication and the direct sum of the groups if the operations in the groups are addition.  [Some texts use the ( instead of + between the groups.]

Z(Z instead of ZxZ.

Is Z2xZ3  cyclic?   Is  Z2xZ2 ?   Z2xZ6?

Therorem:  ZmxZn is cyclic (and isomorphic to Zmn) if and only if m and n are relatively prime. 

Proof:  …

This generalizes to products of more than two Zi .

Theorem:  Suppose (a1, a2, …, an) is in a a product of groups (Gi  and the order ai in Gi is ri .  Then the order of (a1, a2, …, an) in the product is the least common multiple of ri’s.
Proof:  To get the identity in each coordinate i, the power must be a multiple of ri .

Example:  What is the order or (4,2,10) in Z36x Z12x Z40?
Big Theorem we won’t prove.

Fundamental Theorem of Finitely Generated Abelian Groups: 

     Every finitely generated abelian group is isomorphic to a direct product of cyclic groups in the following form:


[image: image1.wmf]Z

Z

Z

Z

n

r

n

r

p

p

´

´

´

´

...

...

)

(

)

(

1

1


where the pi  are primes and possibly repeated and the ri are positive integers.
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