Section 10:  Cosets and the Theorem of Lagrange
Goal of this section:  

Lagrange’s Theorem:  Let H be a subgroup of a finite group G.  Then the order of H is a divisor of the order of G.  

We begin by defining two equivalence relations on G, ~L and ~R as follows:   Suppose H is a subgroup of G

a ~Lb   if and only if  a-1b (H
a ~Rb   if and only if  ab-1 (H

Prove both are equivalence relations.

Therefore each equivalence relation defines a partition of G.  What do the equivalence classes look like?

If a ~Lb  then  a-1b (H and a-1b=h for some h in H.  So b=ah for some h in H.  So the equivalence class containing a would be all such b’s that are of this form.  That is  {ah ( h is in H} which we denote aH. 
Definition:  Let H be a subgroup of a group G.  The subset aH = {ah ( h is in H} is the left coset of H containing a, while the subset Ha = {ha ( h is in H} is the right coset of H containing a.

Examples:

What are the left and right cosets of 5Z in Z?

Suppose G is abelian, what can you conclude about the left and right cosets.

What are the left and right cosets of {(0,(2} in S3.  Use the table on page 79.  Are they the same? 

Recall the theorem we mentioned above:
Lagrange’s Theorem:  Let H be a subgroup of a finite group G.  Then the order of H is a divisor of the order of G.  

To prove this we show that the cardinality every left (or right) coset is the order of H.  If this were true, then since the left cosets are a partition of G then the order of G is a multiple of the order of H.

Why does each  left coset aH = {ah ( h is in H} have exactly same number of elements as H.  If ah1=ah2 then h1=h2.  Therefore each element ah is different for different h’s.  Thus there are exactly (H( different ah’s.

Corollary:  Every group of prime order is cyclic.  

  Proof: Suppose G has order p, a prime. There must be some a(e.  The order of the subgroup <a> must divide p and cannot be 1 since a and e are in it.  Therefore it must be p and a generates G so G is cyclic.

This shows the following:

Theorem:  The order of an element of a finite group divides the order of group.  

Definition:  Let H be a subgroup of G.  The number of left cosets of H in G is the index (G:H) of H in G.

(G:H) = (G(/(H(
Theorem:  Suppose H and K are subgroups of G and K(H(G and both (H:K) and (G:H) are finite.  Then (G:K) is finite and (G:K)= (G:H) (H:K)
Proof: Exercise 38.
We know the order of a subgroup divides the order of the group.  Suppose a number divides the order of the group, is there a subgroup of that size.  This is true for abelian groups but not in general.  [A4 is of order 12 but has no subgroup of order 6].



























