Section 1
This section introduces examples of some algebraic structures so we can use them as examples later on.  For one of them we need to learn more about complex numbers.

Some symbols we should know:

R, R+, Z, Z+, C

C = {a+bi │ a, b(R}  where  i2 = -1

Do an example of  addition and multiplication in C.

│a+bi│ =  
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Polar form of a complex number.
z = a+bi = │z│(cos( + i sin ()    [draw diagram showing (]

Euler’s Formula:
ei( = cos( + i sin (  [homework problem 41]

Thus:

 z = a+bi = │z│(cos( + i sin () = │z│ei(
Multiplying complex numbers in the polar form.
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= │z1││z2│ [cos((1+(2) + i sin ((1+(2)]
[  Exercise:  Prove  │z1z2│=│z1││z2│  ]

= │z1z2│ [cos((1+(2) + i sin ((1+(2)]

So,  geometrically, multiplying complex numbers corresponds to multiplying the absolute values and adding the angles .

[ Use it to find i2]

Find all solutions to z3 = -27.

          What is │z│ if it solves this equation?   Why?

           What is 3( ?   What are the possible values of (? 
Mod Arithmetic.  

Let n be an integer and Zn = {0,1,2, … n-1}. 

If a and b are in Zn then a +n b is (a+b)mod n. 

Note that this is the same as a+b if a+b is less than n, or a+b-n if a+b is greater than n.  [Try some examples.]

Let R2п = [0,2п).  If  (1 and (2  are in R2п  then define  (1 +2п (2 to be  (1+(2 if this sum is less than 2п and (1+(2 -2п if is greater than 2п. This is called addition mod 2п. [example]
Algebra on the Unit Circle.

Let U = {z(C │ │z│=1} the unit circle.

Multiplication of numbers in U result in a number that are in U.  [Why?  How does the multiplication work? Relate it to addition mod 2п.]
Consider the correspondence between z on the unit circle and ( the angle between 0 and 2п that the line from z to the origin makes with the positive x axis. [diagram] .  This correspondence has the properties that it is one-to-one, onto, and operations are preserved in the sense that if 
z1((1   and   z2((2    then  z1z2 ( ((1+2п (2) 

This type of correspondence is called an isomorphism.
Roots of Unity 
z2 = 1        z = 1 = cos(0*2п/2)+i sin(0*2п/2)    

                 z= -1 = cos(1*2п/2)+i sin(1*2п/2)   
 z3 = 1       z = 1 = cos(0*2п/3)+ i sin(0*2п/3)    

                 z =  cos(1*2п/3)+ i sin(1*2п/3)

                 z =  cos(2*2п/3)+ i sin(2*2п/3)
Generalize this to the nth roots of unity.
Let    ( =  cos(2п/n)+ i sin(2п/n) 
nth roots of unity  are   (, (2, (3, … , (n =1

Un =  {(, (2, (3, … , (n}
Note that when you multiply any elements of Un you get another element of  Un.  One can show that Un  with the operation multiplication is isomorphic to Zn with the operation +n .
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