Strong Form of Mathematical Induction 

We look at a slightly different statement of mathematical induction that is useful for some proofs.  In the method we just did we had to do two steps to conclude that the predicate P(n) was true for all n(a.  They were:

(basis step)   P(a)

(inductive step)   P(k)(P(k+1)  for all k(a

In the strong form of mathematical induction these steps are as follows: [b is an integer greater than or equal to a]

(basis step)   P(a)(P(a+1)( . . . (P(b)   [the predicate is true for integers from a to b]

(inductive step)  P(a)(P(a+1)( . . . (P(k-1) (P(k)  for all k>b

Why does this also imply P(n) for all n(a?  Think about the domino idea.

Example:

Suppose a1 = 4    a2 = 8    and   ak = ak-2 + 3ak-1  .  Prove 4 divides an for n(1.

Proof: (strong form of induction)

(basis step) Note that a = 1 and b = 2 in this proof.  The statement is true for a1  and  a2   since:   a1 = 4*1    and a2 = 4*2  so 4 divides each of them.

(inductive step)  Suppose k is an integer greater than 2 and 4 divides ai for 1(i<k.  We must show that 4 divides ak .   Since k>2, k-2 and k-1 are integers greater or equal to 1 so 4 divides ak-2 and ak-1 by the inductive hypothesis.  So ak-2 = 4s   ak-1 = 4t  for some integers s and t.   We know then  ak = ak-2 + 3ak-1 = 4s + 3(4t) = 4(s+3t).  Therefore 4 divides k.

We have showed the basis step and the inductive step so the statement is true for all n(1.

Another example using the strong form of induction.

Show that any integer greater than 1 is divisible by a prime number.

Proof: (strong form of induction)

(basis step):  In this proof a=b=2.   2 divides 2 and 2 is prime.

(inductive step):  Suppose k is an integer greater than 2 and that any integer i, 2(i<k is divisible by a prime.  Then we must show k is divisible by a prime.

If k is prime then k is divisible by itself  (k=k*1) so k is divisible by a prime.

If k is not prime then it is composite and k = ab where a and b are integers greater than 1.  Since b>1  a =k/b< k/1=k.  Since 1<a<k then a is divisible by some prime by the inductive hypothesis.  So  a = pd for some prime p and integer d.  

So k = ab =(pd)b =p(db) and k is divisible by the prime p.

Since we proved the basis step and inductive step, the theorem is true.























































