Properties of Sets

We prove the basic rules of set theory using our knowledge of logic.  In this section we use basic containment arguments.  For example, to show D(E we show that if x(D then x(E.  To show D=E we show both D(E and E(D. 
For any sets A and B:

1.  A(B(A   [also A(B(B]

pf.  Using a containment argument, suppose x(A(B.  

       Therefore x(A ( x(B.   (definition of intersection)

       Therefore x(A.   (p(q(p)

2.  A(A(B   [prove it]    [also B(A(B]

3.  A(B ( B(C ( A(C   [prove it]

Look at page 272 and page 14 and compare the rules.  A set theory rules generally follow from the corresponding logic rule.

See proof on page 250.  Here is another way to prove it.

Show A((B(C) = (A(B)((A(C).

Proof:  We show x is the left if and only if x in the right. [containment both ways]

[Note one proof reads down and the other reads up.  Not all proofs have reversible steps and you must do the proofs separately.]
[Give reasons for each step]

x( A((B(C)

( x(A ( x(B(C

( x(A ( (x(B ( x(C)

( (x(A ( x(B) ( (x(A (  x(C)

· x(A (B ( x(A( C

· x([(A(B)((A(C)]

Let ( be a set with no elements.

Theorem:  If A is any set then ((A.

Proof:  (by contradiction)  Suppose not.  Then there is a set ( with no elements and a set A such that ( is not a subset of A.  Therefore the statement “x is an element of ( implies that x is an element of A” is false.  This means that there is an x(( such that x(A.  But this means there is an x in (, so ( is not a set with no elements. ( (
Corollary:  There is only one set with no elements.  [The empty set is unique]

Proof:  Suppose (1 and  (2 are sets with no elements.  We show they are the same set.


By the theorem above   (1 ( (2  (since (1 is a set with no elements)





       (2 ( (1  (since (2 is a set with no elements)


so (1 = (2  .

The unique set with no elements or empty set is called (.

Fact about the empty set (() and the universe (U).  Suppose A is any set then:

1.  A(( = (
2.  A(( = A

3.  A(AC = (
4.  A(AC = U

5.  UC = (
6.  (C = U

Proof of 1.   A(( = ( 

(We show containment both ways.)

A(( ( (   since A(B(B for any B.

( (A((   since ( is the subset of every set.

So A(( = (.

Cross Products and Set Theory Proofs

Key:  Start with the right form of the objects you are working with.

         If it a cross product, make sure it has two coordinates.

         Do not confuse ( with (  or   ( with (.

Prove  (A(B)(C ( B((C(A)

Proof:

Suppose (x,y)( (A(B)(C   [we show it is in B((C(A)]



x(A(B ( y(C



(x(A ( x(B) ( y(C



x(A ( (x(B ( y(C)



x(B ( y(C



x(B ( (y(C ( y(A)



x(B ( y(C(A



(x,y)(B((C(A)























































