Sequences, Sums and Products

A sequence is a finite or infinite ordered list of numbers.

Example:    1,3,5,7 . . .

Describing Sequences.

a1, a2, a3,  . . .

an = 2n-1    n = 1, 2, 3 . . .   This is called an explicit or general formula for the sequence.

Examples:

Write the first  5 terms of  bk = k2/(k+3)    k(0.

b0 = 0

b1 = 1/4

b2 = 4/5



0, 1/4, 4/5, 3/2, 16/7


b3 = 9/6 = 3/2

b4 = 16/7
Find a general form for the   1/3,  -1/8,  1/15,  -1/24, . . .

We use one of the following alternating forms:

(-1)k       is -1  if k is odd and 1 if k is even.

(-1)k+1    is 1  if k is odd and -1 if k is even.

We have to find a pattern in the numbers 3  8  15  24.

Hint:  add 1 to each

Solution:

ak = (-1)k+1 / [(k+1)2 –1]        k=1,2,3 ... 

Summation Notation

     n

   ( ak   =   am + am+1 + am+2 + . . . + an-1 + an
 k=m

Example:

  3

 ( xi - i  =  (x0 – 0) + (x1 – 1) +(x2 – 2) +(x3 –3)  =  x0 + x1 + x2 + x3 – 6

i=0   

Telescoping  (All but the first and last term are cancelled out.0


 n

 ( [1/(k+1)  - 1/(k+2)] = (1/2-1/3)+(1/3-1/4)+. . .+(1/n-1/n+1)+(1/n+1-1/n+2)=1/2-1/n+2

k=1 

Change of Variables

Note 

  n

  ( (k+1)/k2  =  3/4 + 4/9 + . . . + (n+1)/n2
 k=2

  n-1

  ( (i+2)/(i+1)2  =   3/4 + 4/9 + . . . + (n+1)/n2
 i=2

These two expressions are equal.  This can be looked at as a change of variable with

i+1 replacing k and the upper and lower limits adjusted for this change.

Product Notation (similar to summation notation)

  5

  ( ak = a1 a2 a3 a4 a5
k=1

 4

 ( (xi-i)= (x2- 2) (x3- 3) (x4- 4)

i=2

Rules for Summations and Products

  n           n            n

  (ak  +   (bk   =   ((ak + bk)

k=m      k=m       k=m

   n            n

c (ak   =   (cak
  k=m      k=m 

   n         n             n

   ( ak   ( bk     = ( ak bk
 k=m    k=m         k=m

(not in text)

    n

   (c  =  (n-m+1)c

  k=m

  n             r                n

  (ak     =    (ak       +   (ak                  when  r is an integer between m and n

k=m         k=m          k=r+1

Nested Products and Summations

  2    3

  (   (  (2j-i+1)

 i=1  j=1

                 3                    3

For i=1     (  (2j-i+1)  = ( 2j    =  2+4+6 = 12

                j=1                 j=1

                 3                    3

For i=2     (  (2j-i+1)  = ( (2j-1)    =  1+3+5 = 9

                j=1                 j=1

The product of these is (12)(9)= 108

Factorial    0! = 1

                  1! = 1

   
        2! = 2*1=2

                  3! =  3*(2!) = 3*2*1 = 6

                  n! = n*(n-1)! = n(n-1)(n-2) . . . (2)(1)

9!/7! = 9*8*7!/7! = 72

6!/4!2! = 6*5*4!/2! = 6*5/2 = 15

(n+1)!/(n-2)! = (n+1)(n)(n-1) * (n-2)!/(n-2)! = (n+1)(n)(n-1) 

----------------------------------------------------

Problem to think  about before we do mathematical induction.

A triangle has no diagonals, a 4-sided convex polygon has 2 diagonals,

a 5-sided convex polygon has 5,   . . .                   

Can you come up with a formula in terms of n for the number of diagonals of an n-sides convex polygon. 























































