Divisibility  (Sec. 3.3-3.4)

Def:  Given n,d integers with d(0 .  n is divisible by d if and only if there is an integer k such that n=dk.

The is also expressed as       
 d divides n






 d(n






 d is a factor of n






 d is a divisor of n






 n is a multiple of d

[Be care to keep straight which is the divisor and which is the multiple, especially in proofs.]


n is divisible by d   (   d(n   (   (k(Z, n=dk

Negating this we can see what n is not divisible by d means.

~ (d(n)  (  ~ ((k(Z, n=dk)

              (  (k(Z, ~(n=dk)

              (  (k(Z,  n(dk

              (  (k(Z,  n/d(k

· n/d is not an integer

[In divisibility proofs we generally try to use integers and not other rational numbers.]

Transitivity of Divisibility

Thm.  For all integers a,b,c   (a(b ( b(c) (  a(c .

Proof:  Suppose a,b,c  are integers and  a(b  and  b(c.  Therefore  there are integers  ra and s such that  b=ar   and c=bs.  Substituting the first into the second we get 

    c=(ar)s   or c=a(rs).  Since r and s are integers so is rs.  Therefore  a(c.

Show that if  a(b and  a(c  implies  a((b+c).

Proof:   Since a(b and  a(c  there are integers m and n with b=ma and c=na.

             So   b+c = ma+na = (m+n)a.  Since m+n is an integer a((b+c).

Divisibility by a Prime

Thm.  Any integer n>1 is divisible by a prime.

The proof is in the text (page 135).  It shows that either n is prime or there is an integer strictly between 1 and n that divides n.  Repeating this argument one can get a sequence of decreasing integers that divide the one before it but are greater than 1.  Since this process must stop the last one must be prime.  It also divides n.  [This proof can be done more easily with Mathematical Induction which we do later.]

Unique Factorization

All integers n can be written uniquely as a product of prime numbers (if order is ignored.)  Proof not in text.

n =  p1e1 p2e2 . . . pkek    

Quotient Remainder Theorem (Section 3.4)

Given any integer n and positive integer d, there exist unique integers q and r such that 

n=dq+r  with 0(r<d.

q is called the quotient

r is called the remainder

d is called the divisor.

Def.   n div d  is the integer quotient when n is divided by d

          n mod d is the integer remainder when n is divided by d.

30 div 7 = 4       30 mod 7 = 2        [  30 = 7*4 + 2  ]

In C++    n div d  is written  n / d     and     n  mod d  is written n % d























































