Direct Proof and Counterexamples—Rational Numbers

World of Numbers (diagram indicates containment not size)






Note that this diagram implies there are numbers that are not real numbers and there

are real numbers that are not rational numbers.  

Beginning with the natural numbers {1,2,3 ...} we see other number are required to

make simple arithmetic equations have solutions.

2 + ? = 2     leads to 0

2 + ? = 0     leads to –2      negatives

3 * ? = 2     leads to 2/3      rationals

? * ? = 2     leads to 21/2      irrationals

? * ? = -1    leads to i          complex numbers

We concentrate now on rational and irrational numbers.

Def.  A real number r is a rational number if r = a/b for some integers a and b with b(0.

         A real number that is not rational is irrational.


r is rational ( ( a,b(Z, r=a/b ( b(0

Examples:

2/3 is clearly rational  

.863   equals   863/1000

.a1a2  . . . an   =   a1/10 + a2/102 +  . . .  +  an/10n 



=  (10n-1a1 + 10n-2a2 +  . . .   +100an) / 10n

.123 = .123123123123123 . . .    is rational.  What are a and b?


Let x = .123

1000x = 123.123123123123...

        x =       .123123123123...

  999x = 123

        x = 123/999

[This technique works for all repeating decimals.]

Facts about rational numbers.

Every integer is rational.   (x(Z, x is rational.

Proof:  Suppose x is an integer.  Then x = x/1, a quotient of integers and 1(0.

The sum of two rational numbers is a rational number.

    [We use the following in the proof:

              basic algebra, sums and products of integer are integers, product of non-zero

              numbers is non-zero]

Proof:  Suppose r and s are rational.  Then there are integers a,b,c,d with 


r = a/b     b(0     and   s = c/d      d(0.  Therefore

r+s = a/b + c/d =  (ad+bc)/bd.   Let p = (ad+bc) and q = bd.

p and q are both integers (sums and products of integers) and q(0 (product of non-zeros).  Since r+s = p/q, r+s is rational.

Are there any irrational numbers?  We will show the square root of 2 is irrational in a future class.  ( is irrational but it is harder to prove.  Are there others?

Fact:   x is irrational if and only if x is a non-repeating decimal.


We showed a technique that allows us to write a repeating decimal as a quotient of two integers, thus showing it is rational.  How do we know rational number is a repeating decimal?

Basic idea:  Use long division and look at the possible remainders after each step.

example:   22/47

 . 4




47    22.000000000000

                             188 

                               32







 How many possible integers can go here?







 What happens when one repeats?

[We will discuss this in detail in class.]

So   rational ( repeating decimal      irrational ( non-repeating decimal

Here is an irrational number    .010010001000010000010000001 . . .

Since  0<x<1 then 0<x and x<1.  So x is a positive.

So  multiplying by x makes the inequality x<1

x2<x.
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