Proof  (An introduction using some basic number theory)

Methods of proof we will cover (eventually)


Direct Proof


Indirect Proof


Proof by Induction

Begin with Direct Proof

Some basic definitions for to use in our proofs:  [See pages 127-128]

n is even if and only if there exists an integer k such that n=2k.    (k(Z, n=2k

n is odd if and only if there exists an integer k such that n=2k+1  (k(Z, n=2k+1

n is prime if and only if for any positive integers r and s, if n=rs then r=1 or s=1.




(r,s(Z+, n=rs ((r=1 ( s=1)

n is composite if and only if there exists positive integers r and s such that 

       n=rs ( r(1 ( s(1.              (r,s(Z+, n=rs ( r(1 ( s(1

We assume some familiarity with odd and even numbers and prime and 

composite numbers in our proofs.

Proving Existential Statement  ( (x(D, Q(x) )

  Constructive proof:  Give a specific example.

    Prove there is a prime number that is the sum of two perfect squares.

       Let n be 5.    n = 5 = 1+4 = 12 + 22
   Non-constructive proofs  (seen in Calculus, D.E.  etc)

      One can show that the square root of two exists using the intermediate value 

theorem and the fact that f(x) = x2 is continuous on the interval [1,2].  We don’t

find the numeric value of the square root of 2 with this method.

Proving Universal Statements  (   (x(D, P(x)     or     (x(D, P(x)(Q(x)   )

Exhaustion   (try every for every element in D)

   D = {1,2,3,4,5}  

Show   (n(D,  n is odd ( (n-3)2 ( 4.

   n=1   (-2)2 ( 4

   n=2    n is not odd so implication is true

   n=3    (0)2 ( 4

   n=4    n is not odd so implication is true

   n=5    (2)2 ( 4

Method of Generalizing the Particular

To show  (x(D, P(x)(Q(x)  

Suppose x is an element of D for which P(x) is true

Prove Q(x) is true.

[for the following proof we assume that sums and differences of integers are integers]

Prove that if the difference of two integers is odd, then the sum of these integers is odd.

Proof:   Suppose m and n are integers such that m-n is odd.   By the definition of odd there is an integer k such that  


m-n = 2k+1

add 2n to both sides we get


m+n = 2k+1+2n


        = 2k+2n+1


        = 2(k+n)+1

Since k+n is an integer w see that m+n twice an integer plus one so it is odd.

Writing Proofs:   See page 134-135

Write out what you are proving


Write PROOF:


Make the proof as self-contained as possible


Use complete sentences.

Common Mistakes


Arguing from examples.   (polynomial that is zero at every integer)


Using the same letter for possible different quantities 



x and y are even therefore   x=2k  and y = 2k


Jumping to conclusions --- a statement without sufficient reason

                 Since x is non-negative x greater than 0.

Begging the question--- assuming the conclusion is true. (ultimate in jumping to

                                                                                                            conclusions.)

Showing a statement is false---Disproof.

Disproof by counterexample.

     To disprove   (x(D, P(x)(Q(x).   Find an x in D for which P(x) is true and Q(x) is false.

For all triangles the square of the length of one side is the sum of the squares of the length of the other two sides.


Counterexample:   Equilateral triangle                1           1

       







  1

You only need one counterexample to disprove something.  Make your counterexample

as specific and simple as possible.   

[To disprove the statement “all integers are prime”, use 6 (the product of 2 and 3) rather than   r=st where s and t are integers greater than 1.  ]  

If time in class look at problem 23. 

For all real numbers x, if 0<x<1 then x2<x.   hidden

Since  0<x<1 then 0<x and x<1.  So x is a positive.

So  multiplying by x makes the inequality x<1

x2<x.























































