Predicates and Quantified Statements

“Problem with the logic we have done so far.”

p:   All dogs are mammals.

q:   Lassie is a dog.

r:    Lassie is a mammal.

Does it make sense to you?

Argument form it has is:

    p

    q

( r            This is not valid according to the rules of logic we have so far.



(The form is a fallacy called a non-sequitur.)

But it makes sense.  The argument depends on the relationship of the content of one statement to another, not just the truth values.    We must extend our logic to deal with this situation.  

New Logic---First Order Logic or Predicate Logic or Predicate Calculus

Predicate Idea.

x is a Lawyer.  L(x)    L is the predicate and x is a variable.  Has values T or F depending on x.  

L(Johnny Cochran)   True

L(Madonna)               False

Called a propositional function.  Put in value get T or F.

Recall functions have domains, so propositional functions should have domains.

The domain for L(x) could be all American citizens.

Suppose  the domain D = {1,2,3,4,5} and E(x) = “x is even”.

E(4) = T  and   E(1) = F.

The truth set of a propositional function is the set of all elements in the domain for which the value of the function is T.

Written mathematically:   

Truth Set of P = { x(D ( P(x) = T}       or  as in the text

Truth Set of P = { x(D ( P(x) }

The truth set for E(x) above is  {2,4}

Propositional functions can have more than one variable.

Let D = the x-y plane.   Let C((x,y)) =  “x2 + y2 = 1”

C((0,1)) = T         C((1,1)) = F

What is the truth set of C?      answer hidden 

  The unit circle 

Suppose P(x) and Q(x) are propositional functions with the same domain.

P(x)(Q(x)  means any element of the truth set of P is also in the truth set of Q.




[Then there would not be an r for which P(r) is and Q(r) is false.]

P(x)(Q(x)  means P and Q have the same truth set.

Example:   D is the set of all integers.   P(x) = “x divides evenly into 6”

                    Q(x) = “x divides evenly in 3”

Which are true.    P(x)(Q(x)     Q(x)(P(x)     P(x)(Q(x)     Explain.

Quantifiers

A quantifier is used to modify a propositional function with the effect of giving it a value of T or F.

Universal Quantifier.    (all idea)

(x        for any x,   for all x, for each x

(x(D, Q(x)    is TRUE if for every x in D, Q(x) is true.

                       Otherwise it is FALSE.



If Q(x0) is FALSE then x0 is a counterexample to the universal statement. 

Example:     D = Z+ (the positive integers)   Let E(x) mean “x is even.”

The universal statement    (x(D, E(x)  is FALSE since 3 is a counterexample.

How do you find the truth value for statements with the universal quantifier.


(1)  Method of exhaustion--- try it for all elements of the domain.

                 (must be a finite number of elements)


(2)  Argue it using other knowledge. D = Z+    Q = “x>-1     (x(Z+,  Q(x) is True.

Existential Statements  “some idea”

(x      there exists an x,  for some x

D = Z   Q(x) = “x>2x”         (x(D, Q(x)   is true since for x=-1

                   



-1>-2=2(-1)

Language translations for quantifiers

(r(R+, r2 = r      There is a positive real number whose square is itself.

Some cats are brown.    C = set of cats      (x(C, x is brown

No cat is brown.  

Comment on Notation:   Suppose the predicates P(x) and Q(x) have the same domain D.

P(x)(Q(x) means that whenever P(x) is true then Q(x) is true.  That means the truth set of P(x) is a subset of the truth set of Q(x).  This is the same as (x(D, P(x)
(Q(x).

Similarly for (
Implicit Quantification.  (Given the domain D)

If x>3 then x2>9.    means      (x(D, If x>3 then x2>9   
What about   a.  (x+1)2 = x2 +2x +1

b. Solve  (x+2)2 = 25

Discuss Example 2.2.12 --- Tarski’s World.
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Find the truth values of the following

( x, Square(x) ( Yellow(x)

( t,  Pentagon(t) ( Above(c,t)
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