One-to-One, Onto, and Inverse Functions

Question:  Suppose you were counting how many students were in the dining hall.  You would want to make sure of two things:


1.  No one was counted more than once

    
2.  Every one was counted at least once

We use functions to measure the sizes of sets [count how many elements] and we need the equivalent of these two properties.

Suppose F: X(Y is a function.  F is one-to-one   [or 1-1 or injective] if and only if whenever F(x1)=F(x2)  then  x1= x2. [ or If x1(x2 then F(x1)(F(x2) ]

F is not one-to-one if there exist x1, x2 with x1(x2 and F(x1)=F(x2).
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How do we determine if a function is one-to-one?  If X is finite you could check each point of X and see two go to the same element in Y.  If X is infinite this would not work.  We will try some examples where we prove a function is one-to-one or find specific points in X that go to the same point in Y.

Suppose   f : R(R   where  f(x)=3x+4.   Show f is 1-1.

Proof:  Suppose f(x1)= f(x2).  We must show that x1= x2.


 So  3x1+4 = 3x2+4

                  3x1= 3x2


x1 = x2
Suppose  g : R(R  where  g(x)=x2-1.   Show g is not 1-1.

Proof:    g(2)=3=g(-2) and 2(-2.  Therefore g is not 1-1.

Suppose F: X(Y is a function.  F is onto [or surjective] if and only if for any point y in Y there is and x in X such that F(x)=y.


(y(Y, (x(X, F(x)=y.

Not Onto    (y(Y, (x(X, F(x) (y.  That is, there is some y in Y that has no x that maps to it.
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Suppose   f : R(R   where  f(x)=3x+4.   Show f is onto.

Proof:  Suppose y(Y.  We must find an x(X such that f(x)=y.

We first solve for x in terms of y as follows


f(x)=y

          3x+4=y


3x=y-4


x=(y-4)/3

Choose x to be (y-4)/3.  Then f(x)=f((y-4)/3)=3((y-4)/3)+4=(y-4)+4=y as needed.

Suppose  g : R(R  where  g(x)=x2-1.   Show g is not onto.

Proof:  Let y=-2.  We show there is no x in R that maps onto –2.

If there were then for this x, g(x)=-2 or  x2-1=-2.  This means x2=-1 which is not true for any real number.

[Note:  How do you get –2?  You may know that graph of g is a parabola with minimum –1.  Also you could solve for x and get x plus or minus the square root of y+1.  Thus y+1 must be non-negative, but it is negative at y=-2 for example.]

One-to-One Correspondences

Suppose F: X(Y is a function.  F is a one-to-one correspondence  [bijection] if F is one-to-one and onto.

Note:  We have shown that f : R(R   where  f(x)=3x+4 is a one-to-one correspondence.
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Fact:  If there is a one-to-one correspondence between two finite sets then they have the same number of elements.  We general this to define sizes of infinite sets.

Inverse Functions

Theorem:  Suppose  F: X(Y is a one-to-one correspondence.  Then there is a function F-1: Y(X defined as follows:

       Given any y(Y, F-1(y) is the unique element x(X such that F(x)=y.  

[This means F-1(y)=x ( y=F(x).]

Proof:  Since F is onto, given any y(Y there is some x(X such that F(x)=y.  This x is unique since F is one-to-one.  Thus F-1 is defined for every element of y and it is also well defined (unique image).

Definition: Given the above, F-1 is called the inverse function of F. 

How do we find inverse functions?  We did it in Calculus.  

For   f : R(R   where  f(x)=3x+4 we solve for x in terms of y as earlier to 

get   x=(y-4)/3.   Therefore   f-1(y) =(y-4)/3.

Theorem:  Suppose  F: X(Y is a one-to-one and onto.  Then  F-1: Y(X  is also 

one-to-one and onto.

Proof:  

(1) Show that F-1 is one-to-one.  

       Suppose F-1(y1) = F-1(y2).   We must show   y1= y2.   

       Let x = F-1(y1) = F-1(y2).

       F-1(y1)= x  and    F-1(y2)= x  so 

       so   y1=F(x)     and    y2=F(x)                     [ Recall that  F-1(y)=x ( y=F(x)] 

       so y1= y2

(2) Show that F-1 is onto.

      Suppose x(X.  We must find a y in Y with F-1(y)=x.

      Let y=F(x).  y is in Y since the codomain of F is Y.

      Since y=F(x) it follows that F-1(y)=x.























































