Mathematical Induction I

Suppose you have a predicate (statement) in terms of an integer n.  How do you prove that it is true for all n greater or equal to a fixed integer.

Examples:

1+2+3  . . . +n  = n(n+1)/2    n(1

n3<2n   n(10

We prove these types of predicates with mathematical induction.  To get the idea, suppose you had some dominos in a straight line and you wanted to guarantee that they all would fall down.  


                                        .  .  .

You could do this by establishing that (1) the leftmost domino falls down and (2) if any domino falls down then the one on its immediate right falls down.

Principle of Mathematical Induction:


Let P(n) be a predicate defined for integers n and let a be a fixed integer.  Suppose the following are true:


(1)  P(a) is true


(2)  For all integers k(a, if P(k) is true then P(k+1) is true.

Then for all integers n(a, P(n) is true.

(1)  is called the basis step (base case)

(2)  is called the  inductive step.  P(k) in this step is called the inductive hypothesis.

To use this method you must identify the appropriate predicate, show the base case is true, and then prove the inductive step by showing P(k) implies P(k+1).  The last part is usually the most difficult.

Theorem:  For all integers n(1,    1+2+3  . . . +n  = n(n+1)/2.

Proof: (by induction)

(Basis Step)   The formula is true for n=1  since   1 = 1(1+1)/2.

(Inductive Step)  Suppose the formula is true for n=k.  That is 

    1+2+3  . . . +k  = k(k+1)/2

We must show that 

    1+2+3  . . .+k+(k+1) = (k+1)(k+1+1)/2 = (k+1)(k+2)/2.  (not shown yet)

To do this we look at the left side of this expression use that we can add up the first

k terms using the inductive hypothesis.


1+2+3  . . .+k+(k+1)  =  k(k+1)/2  + (k+1)

                                   = [k(k+1)+2(k+1)]/2 = (k2 +3k +2)/2 =(k+1)(k+2)/2

Since we showed the base case and the inductive step, the formula is true for all n(1.

Sum of a Geometric Sequence

Suppose r(1 and n and integer greater or equal to 1.  Then

     n

     ( ri  =  (rn+1 – 1)/(r-1)

    i=0

Example:   

     5      
     ( 2i  =?=  (25+1 – 1)/(2-1) = 63/1=63   (Check it.)

    i=0

Proof of the sum of a geometric sequence (by induction).  [see page 202 for the details]

(basis step)     0

                      ( ri  =?=  (r0+1 – 1)/(r-1) = 1    

                     i=0

(inductive step)  Assume 

     k

     ( ri  =  (rk+1 – 1)/(r-1)

    i=0

and show

     n

     ( rk+1 =  (rk+1+1 – 1)/(r-1)

    i=0

(see text for the derivation of this)

Show that 4n – 1  is divisible by 3 for n(1.

Proof: (by induction)

(base case)  n=1   41-1=3 = 3*1 so is divisible by 3.

(inductive step)  Suppose  4k-1 is divisible by 3.  (We must show 4k+1-1 is also.)

There is an integer r such that

   4k-1 = 3r

4(4k-1) = 12r

4k+1-4  = 12r

4k+1-1-3 =12r

4k+1-1  = 12r + 3

          4k+1-1  = 3(4r+1)    so   4k+1-1  is divisible by 3.

Therefore the statement is true for all n(1.

Show that  n+7<2n  for n(4.

Proof (by induction):

(basis step):  4+7<16=24
(inductive step)   Suppose  k(4 and k+7<2k .   We must show k+1+7<2k+1 .

Adding one to each side of the inequality assumed true above we get

 k+7 +1<2k +1

Since k(4,  2k ( 24  > 1 so

(k+7 +1 < 2k +1 < 2k  + 2k < 2*2k = 2k+1
Therefore the theorem is true. 

Geometric Example---- Number of diagonals of a convex polygon with n sides.

       sides        diagonals


3

0


4

2


5

5


6

9

Quadratic formula that fits this data.   (n2 – 3n)/2

Prove this formula is correct for all n(3.

Proof (by induction):

(base case)  (32 – 3*3)/2 = 0


(inductive step)  Suppose we know for any convex polygon with k sides where k(3, it has (k2 – 3k)/2 diagonals.  We must show that any polygon with k+1 sides has

[(k+1)2 – 3(k+1)]/2 = (k2 + 2k +1-3k-3)/2 = (k2 – k –2)/2 sides.

Look at a picture of a polygon with k+1 sides.

                                     A







                                                        B

                           

                                           C

The polygon with the dotted line AC replacing the two sides AB and BC is convex with k sides (one fewer than k+1) so it must have (k2 – 3k)/2 diagonals (by the induction hypothesis).  Every diagonal of this polygon is a diagonal of the original polygon. There are additional diagonals in the original one with k+1 sides as follows:


the dotted line is one


lines from B to each of the other vertices except A,B,C.  [k+1-3 of them]

So the total number of diagonals is 

(k2 – 3k)/2  + 1 + k-2 = (k2 – 3k+2+2k-4)/2 =  (k2 – k –2)/2

Therefore we have showed the base case and the inductive step so the formula holds for all n(3.























































