Indirect Proofs

Suppose  p is a statement we wish to show is true.  We could try to do it directly as described earlier or we could use another method which uses the following:
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That is, p is true if and only if not p implies a contradiction.  p ( ~p(c

We use this to do a “proof by contradiction.”

Method:


1.  Assume that p is false


2.  Show this leads to a contradiction


3.  Conclude p is true.

Example.

There is no greatest integer.

Proof: (by contradiction)

Suppose there is a greatest integer.  Call it M.  M+1 is an integer and M+1>M.

This is a contradiction that M is the greatest integer.  Therefore there is no greatest integer.  

Note:  When we find a contradiction we often write the symbol ( ( to indicate it.

If instead of trying to prove the statement p we were trying to prove p(q then we would assume p(q is false and try to get a contradiction. But 
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So our method to show p(q is to assume p and not q and find a contradiction.

That is, assume the hypothesis is true and the conclusion is false, and derive a contradiction.

Show that if a2 is even then a is even.

Proof: (by contradiction)  Suppose a2 is even and a is not even.
Since a is not even a=2k+1 for some integer k.  Then a2 = 4k2 + 4k +1 = 2(2k2 +2k) +1.

Since 2k2 +2k is an integer a2 is odd so it is not even. ( (
Therefore if a2 is even then a is even.

Show that the difference between a rational number and an irrational number is an irrational number.  [Can you do this with a direct proof?]

Proof: (by contradiction)  

Suppose there is a rational number r and an irrational number s such that r-s is rational.

So  r = a/b  where a and b  are integers and b(0  and  r-s = c/d where c and d are integers and d(0.  But  s = r-(r-s) = a/b – c/d = (ad-bc)/bd.  Since ad-bc and bd are integers and bd is not 0 since b and d are neither 0, s is rational. ( (  Therefore the theorem is true.

Proof by Contraposition (using the contrapositive)

Recall   p(q   ( ~q(~p.

Method of proof:


1.  Assume ~q


2.  Show ~p


3.  Conclude p(q

Show that if a2 is even then a is even.

Proof: (by contraposition)  Suppose a is not even.  Since a is not even a=2k+1 for some integer k.  Then a2 = 4k2 + 4k +1 = 2(2k2 +2k) +1. Since 2k2 +2k is an integer a2 is odd so it is not even. Therefore a is not even implies a2 is not even, and the implication is true by contraposition.

Important Examples of Indirect Proof  (sec 3.7)

The square root of 2 is irrational.

Proof: (by contradiction)  Suppose not.  (2 is rational.


(2  = a/b  where a and b are integers and b(0

We also assume that we have reduced this rational number so a and b have no common factors.


2=a2/b2


2b2 = a2

a2 is even since it is 2 times an integer (b2)


a is even since we showed a2 even implies a is even


a = 2k with k an integer


a2 = 4k2

2b2 = 4k2

b2 = 2k2

b2 is even


b is even


2 is a factor of both a and b  ( (
Therefore (2  is irrational.

There are infinitely many prime numbers.

Lemma:  Given an integer a and p a prime number, if p divides a then p does not divide a+1.  

Proof: (by contradiction)  Suppose p divides a and p divides a+1.

then a=np  and  a+1=mp.  1=a+1-a=mp-np=(m-n)p.  Therefore p is a factor of 1 so p is 1 or –1.  Therefore p is not prime. ( (
There are infinitely many primes.

Proof: (by contradiction)  Suppose there are finitely many primes.  List them in order by size    2=p1<p2<  . . .   <pn .

Let N = p1p2  . . . pn  +1    (product of all the primes added to 1)

N>1 so by an earlier proof  N is divisible by some prime p.

N-1 is the product of all the primes so N-1 is divisible by p. ( (
(This is impossible by the lemma we just proved.)  























































