Functions on General Sets

You have all studied functions before.   We discuss them here and give another definition of them later when we study relations.

General idea symbolically:      

f: X(Y    means   f is a function from the set X to the set Y.

Pictorially:                                     f

                                X                                                   Y

X is called the domain of f  and   Y is called the codomain of f.

[Note this may be different from the terminology you learn in other classes.]

Definition:  Suppose X and Y are sets.  Then Given x and element of X there is a unique y in Y related to x.    We write this as y=f(x) and call it the image of x under f or the value of f at x.

Using mathematical notation:

(x(X, (!y(Y, y=f(x)    [ (! means “there exists a unique” ]

In this text the word range is used like image is used in other texts to describe all points in Y that are related to some x in X.

range of f = {y(Y ( y=f(x) for some x(X}

The inverse image of an element of Y is the set of elements of x that have that y as their image.

inverse image of y = {x(X ( f(x)=y}

Example:   X={r,s,t}   Y={a,b,c,d}

f(r)=c   f(s)=a   f(t)=c   

Find the following:   domain of f                  codomain of f                range of f       

                                  inverse image of c            inverse image of d

How do you tell if a relation is not a function?  Two possibilities problems.

1. Not uniqueness or “not well defined”.


   y1=f(x)      y2=f(x)     y1(y2                                 x (                          ( y1           

                                                                                                       ( y2
2.  Not defined for all x


There is an x in X not related to any y.
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Equality of Functions

Two functions f and g are equal if 

        1.  they have the same domain and codomain

        2.  f(x)=g(x)  for all x(X.

Some Special Functions and Examples

1.  Identity Functions      iX: X(X         iX(x) = x   for all x(X   

2.  Constant Functions     c: X(Y     c(x)=y0  for all x(X  [y0 is an element of y]

3.  Sequences      f: N(R     [a1=f(x1)  a2=f(x2)   a3=f(x3)  .  .  .  ]

4. Successor Function    g: Z(Z     g(n)=n+1

5.  Number of elements in a subset   Let A be a finite set.

     F: P(A)(Z+    If B(A  then F(B)= number of elements in B

     Sometimes F(B) is written as (B(.

Example of something that is not a function since it is not well defined.

f: Q(Z     Use the following rule for f:    f(m/n)=n+5


problem:  f(1/2)=2+5=7     f(2/4)=4+5=9      but 1/2=2/4

So the element represented by 1/2 is not related to a unique element of Z.

Definition from Page 402.   Given   f: X(Y is a function and A(X and C(Y.

   image of A is           f(A) = {y(Y ( y=f(x) for some x(A}  

   inverse image of C is    f-1(C) = {x(X ( f(x)(C}   

Problem 40. Given f: X(Y is a function and A and B are subsets of X with A(B,  show f(A)(f(B).

Proof:  Suppose y(f(A).  We must show y(f(B).  Since y(f(A) there is some x in A such that y=f(x).  Since A(B and x is in A, x must be in B.  Therefore f(x)(f(B).

Problem 44. Given f: X(Y is a function and C and D are subsets of Y with C(D, then 

f-1(C)( f-1(D).

Proof:  Suppose x( f-1(C).  We must show x( f-1(D).  Since x( f-1(C) we know f(x)(C.

Since C(D and f(x)(C,  f(x)(D.  But then x( f-1(D). 























































