Equivalence Relations

Definition:   Let A be a non-empty set and R a binary relation on A.  R is an equivalence relation if and only if R is reflexive, symmetric, and transitive.  

Example:   Define R a binary relation on Z as follows:  mRn ( 5 divides m-n.

We showed this example had all three properties so R is an equivalence relation.

Definition:   Let A be a non-empty set and R a binary relation on A.  For each element a in A the equivalence class of a, written [a], is the set of all elements of A that are equivalent to a.


[a] = {x(A ( xRa}     or    (x(A, x([a](xRa

For the example above:

[0] =  {x(Z ( xR0} = {x(Z  (  5(x} =  {x(Z  (  x=5n for some integer n}

similarly one can show

[1] =  {x(Z  (  x=5n+1 for some integer n}

[2] =  {x(Z  (  x=5n+2 for some integer n}

[3] =  {x(Z  (  x=5n+3 for some integer n}

[4] =  {x(Z  (  x=5n+4 for some integer n}

Since whenever you divide an integer by 5 you get either 0,1,2,3,4 these must be all the possible equivalence classes for this equivalence relation.

That is, the set of all equivalence classes for this R is {[0],[1],[2],[3],[4]}

Let A = {a,b,c,d,e,f} with the partition { {a,b},{c},{d,e,f} }

   [recall a partition is a set mutually disjoint sets whose union is all of A]

Define a relation R on A as follows:   xRy ( x and y are in the same set in the partition

So:    aRa  aRb  bRa  bRb  cRc  dRd dRe dRf eRd eRe eRf fRd fRe fRf

[do a directed graph of this relation]

This relation is reflexive, symmetric, and transitive so it is an equivalence relation.

It is called the equivalence relation induced by the partition.
Note:  Every equivalence relation has corresponding equivalence classes.  Every partition of a set leads to an equivalence relation.  Fact if you start with an equivalence relation and generate equivalence classes and then use them to generate a corresponding equivalence relation, you get back the one you original equivalence relation. 
Key facts about equivalence classes:

If aRb then [a]=[b].

[a]([b]=(    or   [a]=[b]
[Prove if time.]

Equivalence relations and their corresponding equivalence classes are important in different areas of mathematics.  

Congruence in Geometry   

Congruence mod n in Number Theory

One-to-one correspondence in Set Theory

Isomorphism in Algebra

Homeomorphism in Topology























































