Conditional Statements

  If  _______ then ________           

  p(q

p is called the  hypothesis, premise, or antecedent

q is called the  conclusion or consequence

For what truth values of p and q is p(q true?

p    q    p(q

	T
	T
	 ?

	T
	F
	 ?

	F
	T
	 ?

	F
	F
	 ?


Which of the following would you think are true statements.

If  3<4  then  5+5=10.

If  3<4  then  5+5=11.

If  3>4  then  5+5=10.

If  3>4  then  5+5=11.

Key fact.   An implication is true unless there is a “contradiction”.

                   That is, only when there is a true hypothesis and a false conclusion.

Thus an implication is true whenever the hypothesis is false.

 We say the implication is vacuously true or true by default.

Hierarchy of Symbols

How do we interpret  p(q(r ?       ( p(q)(r    or     p((q(r)

3+2*5     Is it  5*5=25   or   3+10=13?

Multiplication takes precedence over addition and is done first so the answer is 13.

For logic the hierarchy is   (   ) ,  ~ ,   (  ( ,   (      [(  ( are done left to right. ]  

    p(q(r  means    p((q(r)

Example:   p(~q(~p       (p((~q))((~p)  

 p    q     ~p    ~q      p(~q    p(~q(~p

	T
	T
	F
	F
	F
	T

	T
	F
	F
	T
	T
	F

	F
	T
	T
	F
	F
	T

	F
	F
	T
	T
	F
	T


Example of a useful logical equivalence

(p(q)(r   (   (p(r)((q(r)

 p     q       r      p(q    p(r   q(r      (p(q)(r       (p(r)((q(r)

	T
	T
	T
	T
	T
	T
	T
	T

	T
	T
	F
	T
	F
	F
	F
	F

	T
	F
	T
	F
	T
	T
	T
	T

	T
	F
	F
	F
	F
	T
	T
	T

	F
	T
	T
	F
	T
	T
	T
	T

	F
	T
	F
	F
	T
	F
	T
	T

	F
	F
	T
	F
	T
	T
	T
	T

	F
	F
	F
	F
	T
	T
	T
	T


Fact:  Implication (() is not necessary to express all logical forms.


p(q ( ~p(q              

p    q    p(q   ~p(q

	T
	T
	T
	T

	T
	F
	F
	F

	F
	T
	T
	T

	F
	F
	T
	T


This is very useful for showing expressions are logically equivalent.

For example see the next proof.

Negating  If/Then statements.

~(p(q) ( p((~q)     [An implication is false if and only if the hypothesis is true

                                     and the conclusion is false.]

Proof:      



~(p(q)  (  ~(~p(q)          [using equivalent form of p(q]




     (  ~(~p)((~q )     [De Morgan’s Law]




     (     p((~q)          [double negation]

Contrapositive of If/Then Statements

Def.  The contrapositive of p(q is  ~q(~p.

Fact:      p(q  ( ~q(~p

Proof:  One could prove this like the previous proof or use a truth table.

 p     q       ~p    ~q    p(q   ~q(~p      

	T
	T
	F
	F
	T
	T

	T
	F
	F
	T
	F
	F

	F
	T
	T
	F
	T
	T

	F
	F
	T
	T
	T
	T


Example:   If it is Easter then it is Sunday.     If it is not Sunday then it is not Easter.

The converse  of  p(q is  q(p.

The inverse of  p(q is  ~p(~q.

The converse is logically equivalent to the inverse but not logically equivalent to

p(q.  [See exercises 20-22]

If and Only If.

If we say p if and only if q in mathematics we mean that p(q and q(p.

p if q means   q(p
p only if q  means  p(q
We have a symbol in logic ( that satisfies the following truth table.

p      q      p(q

	T
	T
	T

	T
	F
	F

	F
	T
	F

	F
	F
	T


Note:  If you add a column for (p(q)((q(p) you would get the same truth values as in the column for p(q.  Thus p if and only if q is logically equivalent to p(q and in fact that is what the symbol ( is called.

That is,   p(q means the same as (p(q)((q(p).

Moreover,  (p(q ) ( (p(q).  The symbols ( and ( are essentially the same.

Necessary and Sufficient.


r is sufficient for s ( r(s


r is necessary for s ( s(r


r is necessary and sufficient for s ( r(s.

See page 26 for comment on logic and language.


In logic hypotheses and conclusions may be unrelated.

       “If 3>4 then  Sunday is a weekday” is true.
















