Composition of Functions..

Given functions f and g such that    f: X(Y    g: Y(Z.

We define the composition function g◦f: X(Z by      g◦f(x) = g(f(x).
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Example:     f: R(R    f(x)=x2+1     g: R(R    g(x)=2x-1

What is g◦f?     g◦f: R(R   with g◦f(x)=g(f(x))=2(f(x))-1=2(x2+1)-1= 2x2+2-1= 2x2+1

[Try to find f◦g.]

Recall the identity function   idX:X(X   where idX(x)=x.

Suppose  f: X(Y is a function.  Then f◦idX  also is a function from X to Y.

Claim: f◦idX=f.

Proof:  Both function go from X to Y so we need only check that they give the same result at any x in X.     (f◦idX)(x)=f(idX(x))=f(x)

[In a homework exercise you will be asked to show that idY◦f =f.]

Suppose f: X(Y is a one-to-one and onto function with inverse f-1:Y(X.

Then   f-1◦f=idX     and    f◦f-1=idY.

We prove the first and leave the second as an exercise.

Proof:  First we observe that f-1◦f and idX both are functions from X to X. [check this]

We must now prove that f-1◦f(x)=idX(x) for all x in X.  That is f-1◦f(x)=x for all x in X.

Suppose x is in X.  Let a= f-1◦f(x).  [We must show a=x.]

But a= f-1◦f(x)= f-1(f(x)).       

But  a= f-1(f(x))  implies f(a)=f(x).   [Recall that F-1(y)=x ( y=F(x).]

Since f is a one-to-one function and f(a)=f(x) then a=x.

We now prove that composition of one-to-one function is one-to-one and the composition of onto functions is onto.

Theorem:  Given functions f and g such that    f: X(Y    g: Y(Z and f and g are both one-to-one.  Then g◦f is also one-to-one.

Proof:  Suppose g◦f(x1)= g◦f(x2)   [We must show that x1=x2.]

So    g(f(x1))= g(f(x2))

Since g is one-to-one, f(x1)=f(x2).

Since f is one-to-one,  x1 = x2 .

Theorem:  Given functions f and g such that    f: X(Y    g: Y(Z and f and g are both onto.  Then g◦f is also onto.

Proof:  g◦f: X(Z.  To show g◦f is onto, for any z in Z we must find an x in X such that g◦f(x)=z.    Since g is onto, there is a y in Y such that g(y)=z.  Since f is onto, there is an x in X such that f(x)=y.  We show this is the required x.

g◦f(x)=g(f(x))=g(y)=z as required.























































