Cardinality

We want to describe the size of sets. 

{a,b,c}  has 3 elements

{1,2,3, . . . n}  has n elements

{1,2,3, .  .  .      }  has “infinitely many” elements

How do define size formally?

Recall that a function f is called a one-to-one correspondence from a set A to a set B if and only if f is one-to-one and onto.

Definition:  A has the same cardinality as B if there is a one-to-one correspondence between them.

Theorem:  (1) A has the same cardinality as A


       (2) If A has the same cardinality as B, then B has the same cardinality as A. 
       (3) If A has the same cardinality as B and B has the same cardinality as C,

                       then A has the same cardinality as C.

Proof:  What function would you use to prove each of theses?  [hidden]

(1)  Use idA     (2) If f:A(B is the 1-1 corr.  use f-1  

   (3) If If f:A(B and g:B(C are 1-1 corr.  use g◦f

We say that A and B have the same cardinality if either A has the same cardinality as B or B has the same cardinality as A.  By the previous theorem, if one is true then so is the other.

A set is countably infinite if it has the same cardinality as Z+ ={1,2,3, . . .}.  A set is countable if and only if it is finite or countably infinite.  

Theorem:  Z, the set of integers, is countably infinite.  

Proof:  Define f: Z+(Z as follows:




n/2        for n even


f(n)  =




(1-n)/2   for n odd

Note that the evens go to the positive integers and the odds go to the non-negative integers in a 1-1 way.

Theorem:  The set of even integers is countably infinite.

Proof:   Define  g:Z+(2Z (even integers) as follows




           n        for n even


g(n)  =




1-n     for n odd

g is a 1-1 correspondence.

Fact:   The set of rational numbers is countably infinite.

It does not seem possible that you could get the 1-1 correspondence since there seems to be so many more rational numbers than positive integers.  To see that this could be possible we look at a way it seems possible for the positive rationals.


1/1   2/1   3/1   4/1   5/1   .   .   .   .   .

1/2   2/2   3/2   4/2   5/2   .   .   .   .   .

1/3   2/3   3/3   4/3   5/3  .   .   .   .   .

1/4   2/4   3/4   4/4   5/4   .   .   .   .   .

1(1/1=1

2(1/2

3(2/1=2

4(1/3

5(2/2 =1   1 is an image already

5(3/1=3

Are all sets countable?  No.  One can show that the set of real numbers between 0 and 1 is not countable.  Such a set is called uncountable.  From this it follows that the set of real numbers is uncountable.

Theorem:  The set of real numbers between 0 and 1, (0,1), is not countable.

Proof: (by contradiction) 

Suppose (0,1) is countable.  Then there is a function f: Z+((0,1) that is one-to-one and onto.  Let x1=f(1), x2=f(2), x3=f(3), . . . .   Then (0,1)={x1, x2, x3,   .  .  .  }.  We write these points in decimal form as follows:

x1  =
.a11a12a13  . . .

x2  =
.a21a22a23  . . .

x3  =
.a31a32a33  . . .

x4  =
.a41a42a43  . . .

.

.

.

We create a number in (0,1) which is not in the list, which is a contradiction.

Let  y = b1b2 . . .   where


             5    if  aii ( 5

bi =

             1    if  aii = 5

y is not in the list since y is different from xi in the ith decimal place.  That is,

bi is not equal to aii.

Other Facts 

1.  A subset of a countable set is countable.

2.  A set is infinite (not finite) if and only if it has the same cardinality as a proper subset of itself.

3.  Every interval in the reals and the set of real numbers have the same cardinality.























































