Arguments with Quantified Statements

 Key tools used to reason with quantified statements

Universal Instantiation

((x(D, P(x)  (  x0(D) ( P(x0)

  That is, if something is true for all elements of a domain then it is true for any particular element of that domain.

      All voters are citizens.
      Sue is a voter.
(   Sue is a citizen.

Universal Modus Ponens


(x, P(x)(Q(x)

            P(x0)

       ( Q(x0)

     If  x is an integer and x is odd, then x2 is odd.

     2n+1 is an integer and is odd
· (2n+1)2 is odd.   

See page 101 to see how this is used in proofs.  We do it often.

Universal Modus Tollens


(x, P(x)(Q(x)

            ~Q(x0)

       ( ~P(x0)

Proving Validity of Arguments with Quantitative Statements

  An argument has a valid form if no matter what predicates are substituted for the predicate functions, if the resulting premises are true, the conclusion is also true.

Example:


(x, P(x)(Q(x)

            P(x0)

       ( Q(x0)

Idea:


(x, P(x)(Q(x)

            P(x0)

            P(x0) ( Q(x0)    (universal instantiation)

       ( Q(x0)                    (simple modus ponens)

Diagrams to Test Validity

      All voters are citizens.

      Sue is a voter.

(   Sue is a citizen.

Diagram of Major Premise                              Diagram of Minor Premise


                                                                                Voters


From these one can conclude

         Citizens


Do the same for the following:

      All voters are citizens.

      Jim is not a citizen.

(   Jim is not a voter.

Diagrams to show invalidity

      All voters are citizens.

      Jane is a citizen.

(   Jane is a voter.

   Major Premise                                                 Minor Premise


                                                                                Citizens


Diagram that satisfies the major and minor premises but not the conclusion.


                                                                                



                                    Jane
Thus the argument is invalid.  Would it be invalid if it were made with George Bush replacing Jane?
The invalid argument just made is called the Converse Error and has the form”

    (x, P(x)(Q(x)

    Q(x0)

( P(x0)

Inverse Error

    (x, P(x)(Q(x)

    ~P(x0)

( ~Q(x0)

Another Example:

    No voters are abroad.
    Steve is abroad
( Steve is not a voter
Major Premise                                                         Minor Premise

Voters                        People Abroad                              People Abroad 

 


Conclusion

   Voters                              People abroad 

 


Formal Proof of last example:   (s = Steve)

(supply reasons)

(x, ~(V(x)(A(x))

 A(s)

~(V(s)(A(s))

~V(s)(~A(s)

~V(s)(F

~V(s) 

(   Sue
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