GENERAL VECTOR SPACES 

We discuss an algebraic structure that is an abstraction of vectors in 

Rn.
Definition:  Let V be a set of objects with two operations defined on the set called addition and scalar multiplication.  That is, for each u and v in V, there is an element u+v in V called the sum, and for each u in V and scalar k, there is an element ku called the scalar multiple of u by k.  V is called a vector space  for all u,v and w in V and k and  scalars the following hold:

1.   If u and v are in V,  then u+v (V.

2.   u+v = v+u

3.  u+(v+w) = (u+v)+w
4.  There is an object 0 in V such that 0+u=u+0=u for all u in V.

5.  For each u(V there is an element -u(V such that 

     u+(-u)= (-u)+u =0.

6.  If k is any scalar and u(V, then ku(V.

7.  k(u+v) = ku + kv
8.  (k+()u = ku + (u
9.  k((u) = (k()u
10.  1u = u

If scalars are real numbers then V is called a real vector space.

If scalars are complex numbers then V is a complex vector space.

Examples:  1.    R1, R2, . . . Rn, . . .   are all vector spaces.

2.  Lines through the origin in the plane or 3-space.

3.  Planes through the origin in 3-space.  Read example 6 on page 207.  Proof is based on facts we know about R3 and that the equation of a plane has the form ax+by+cz=0.  You need this to show closure for vector addition and scalar multiplication.

4.  The set of mxn matrices with matrix addition and scalar multiplication.  We proved the properties earlier.  We call this vector space Mmn.

5.  The zero vector only. 

6.  The complex mumbers C.   {a+bi | a and b are real}

     Check the properties.

7.  Function Spaces--( vectors are functions.)

     e.g.   V = {f | f : R(R}    


      Define  f+g   by   (f+g)(x) = f(x) + g(x)



       and    kf       by    (kf)(x) = kf (x)


This is a real vector space.  What is the additive identity?



0  function where  0(x) = 0

         What is the additive inverse?   -f     where (-f)(x) = -f(x)

       Check the properties.

Some examples that are not vector spaces.

1.  Line in the plane that is not through the origin.  Prove it.

2.  Integers    Why?    (closure under scalar multiplication)

3.  2x2 matrices of the form         a   b       where  a=b+1

                                                      c   d

  (additive identity)

4.  Parabola in the plane.   (closure  under addition or scalar multiplication)

 Theorem:
1.  0u = 0



2.  k0 = 0


3.  (-1)u = -u


4.  If  ku = u   then  k = 0  or  u = 0.

Proof of (1) :                0u = (0+0)u = 0u + 0u


  add  -(0u)        -(0u) +(0u) = -(0u) +[(0u) + (0u)]





0 = 
[-(0u) + (0u)]+ (0u)





0 = 
   0 + (0u)





0 = 
  0u
Fact:  0 and negatives are unique.

Proof that 0 is unique.   Suppose 01 and 02 both satisfy the condition of the additive identity.  We show 01 = 02.

01 + u = u + 01 = u  for all u(V

02 + u = u + 02 = u  for all u(V

01 = 01 +02 = 02    (why?)







