LINEAR TRANSFORMATIONS FROM  Rn  to  Rm
In calculus we study real numbers and functions from the reals the reals.  We generalize functions to go from a Euclidean vector space to a Euclidean vector space.

In calculus we concentrate on special functions, for example continuous, differentiable, and integrable functions.  In linear algebra we are interested in special functions called linear transformations.

Key Terms and Notation

A,B  sets    

function (or rule) f        f : A(B

If a(A  then f(a) is a unique element of B  (called the image of a)

A is the domain of f     B is the codomain of f

f(A) = {f(a) | a(A} is the range of f

Calculus I, II    f(x)   f : R(R

Calculus III      f(x,y)   f :R2(R       f(x,y,z)   f :R3(R 

Linear Algebra     f :Rn( Rm      f(x1, x2, . . . ,xn) = (w1, w2, . . . ,wm)

Example: f :R2( R4      f(x1, x2) = (x1, -x2,  x1+ x22 , 0)





f(3,2) = (3,-2, 7,0)

Note:   
w1 = x1       

w2 = -x2       

w3 = x1+ x22      

w4 = 0

Linear Transformations (special type of function from Rn  to  Rm)

T is a linear transformation from Rn  to  Rm  if the wi's  are linear functions in the xi's.

w1 =  a11 x1  +  a12x2 + a13x3 + ... + a1nxn 
w2 =  a21 x1  +  a22x2 + a23x3 + ... + a2nxn 
.

.

wm =  am1 x1 + am2x2 + am3x3 + ... + amnxn 
or      w = Ax   using our standard matrix notation.

A = [aij]  is called the standard matrix of T

If m=n  then T is called a linear operator.

Example:    T : R3( R2 

   w1 = 5x1 + 6x2+ 4x3     

   w2 =  x1              - 3x3 

w1   =     5     6    4      x1
        w2          1        - 3
   x2


 




   x3
             5     6    4      is the standard matrix of T.

             1        - 3


If A is an mxn matrix then multiplication by A takes a vector in Rn to a vector in Rm.  This multiplication is a linear transformation called TA.     TA : Rn(Rm        TA(x) = Ax 

If T is any linear transformation from Rn(Rm  then [T] is used to denote the standard matrix of T.  So  T(x) = [T]x.

Fact:   [TA] = A       (  note: TA(x) = Ax     TA(x) = [TA] x )

There is a 1-1 correspondence between the linear transformations from Rn(Rm  and the set of mxn matrices.

GEOMETRY OF LINEAR TRANSFORMATIONS (R2 and R3)


          T(x)     


               x

                    

For example   T(x1, x2) =  (x1, x1)


EXAMPLES OF LINEAR TRANSFROMATIONS

1)  zero transformation from Rn(Rm   T(x) = 0m

        or  O(x) = 0

2)  Identity Transformation I : Rn(Rn  (linear operator)


I(x) = x
3)   Reflections in R2 and R3  (see tables on page 177 and 178)

    e.g.   reflection about the y axix in R2

w1 = -x

w2 =  y




        (-x,y
)



 (x,y)

  -1   0

   0   1

4)  Projections onto lines and planes in R2 and R3  (pages 178-179)

w1 = -x         1   0

w2 =  y 
     0   0



            (x, y)

  







     (x,0)

5)  Rotation Operators in R2 and R3  (pages 179-181)

   Rotation by an angle (
         T(x)                                                   [T]  =    cos(   -sin(
                                                            sin(     cos( 

          (       x






since     w1 = xcos(
- ysin(








     w2 =  xsin(
+ ycos(
Derivation:


                    (w1, w2)


                   r    (        (x, y)

                         (

w1 = rcos((+() = rcos( cos( - rsin( sin( = xcos(
- ysin(
w2 = rsin((+() = rsin( cos( + rcos( sin( =  xsin(+ ycos(  

6)  Dilations and Contractions in R2 and R3  (pages 181-182) 

     T(x) = kx     k(0

0(k<1  Contraction                  k(1    Dilations

                     x                                           T(x)


   T(x)                                               x

w1 = kx         k   0

w2 = ky 
     0   k


In 3-space matrix is     k  0  0

                                     0  k  0

                                     0  0  k

Compositions of Linear Transformations

Recall fog(x) = f(g(x)

TA : Rn(Rk                  TB: Rk(Rm
   (TB oTA) (x) =  TB (TA(x))      Note  TB oTA : Rn(Rm
                                           TB oTA 


                                 

                                TA                       TB
                    Rn                             Rk                    Rm
Note   TA(x) =  Ax       TB(y) =  By

and     (TB oTA) (x) = TB (TA(x)) = TB (Ax)  = B(Ax) = (BA)x  

     or    [T2T1] = [T2][T1]

Example:  Find a matrix that rotates a vector in the plane by 30 degrees and then reflects about the y-axis.


A =  cos 30  -sin 30     =    (3/2   -1/2

         sin 30   cos 30             1/2   (3/2       


B  =   -1    0           [TB oTA]  =  BA =   -(3/2   1/2

           0    1                                            1/2   (3/2

NOTE:  Can compose more than 2.  Remember to reverse order.







