EUCLIDEAN n-SPACE

In Chapter 3 we talked about vectors in 2 and 3 dimensional space.

     (a1,a2,a3) is point or vector in 3-space.

This idea generalizes to higher dimensions.  This is important since most applications in areas such as physics, economics, and statistics involve problems with more than three variables.

Definition:  If n is an positive integer and ai's are real numbers, then 

(a1,a2, . . . ,an) is an ordered n-tuple.  The set of all possible n-tuples is called n-space (n dimensional space) or Rn .  An n-tuple is called a point or vector in n-space.

Algebraic Definitions and Rules:

Suppose     u = (u1,u2, . . . ,un)     v = (v1,v2, . . . ,vn).   We define

u + v  = u = (u1+v1, u2+v2, . . . , un+vn) 

ku = u = (ku1,ku2, . . . ,kun)

0 = (0,0, . . .  ,0)

It  follows that    -u = (-u1,-u2, . . . ,-un)

                       u - v  = u = (u1-v1, u2-v2, . . . , un-vn)

Theorem:

1. u+v =v+u

2. (u+v)+w = u+(v+w)

3. u+0=0+u=u

4. u+(-u)=0

5. a(bu)=ab(u)

6. a(u+v)=au+av

7. (a+b)u = au+bu

8. 1u = u

Generalized Dot Product -  Euclidean Inner Product

                                                             n

u • v = u1v1 + u2v2  +  . . .  + unvn    =   ( uivi  

                                                            i = 1
(5,4,1,2,3) • (-2,3,1,4,1) = -10 + 12 + 1 + 8 + 3 = 14

PROPERTIES OF DOT PRODUCT

a)   u • v = v • u

b)   (u +v) • w  =  u • w  +  v • w 
c)   k(u • v) = (ku) • v = u •(kv)

d)   v • v  > 0  if   u ( 0, and v • v = 0 if  v = 0.

Proof  of  b)  and d).

(u+v)• w =  ( (ui +vi ) wi  =  ( (ui wi + vi wi) = ( ui wi + (vi wi 
               = u • w  +  v • w
v • v =   ( vivi  =   ( vi2  > 0

v • v = 0  iff   ( vi2  = 0   iff   vi = 0 for each i.

Euclidean Norm (length)     ||u|| = (u • u)1/2 = (u12 +u22  +. . . + un2 )1/2
Distance    d(u,v) =  ||u-v|| =  ((u1 -v1)2  +(u2 -v2)2. . . + (un -vn)2 )1/2  
Cauchy Schwarz Inequality (for Rn)

If   u and v  are in Rn  then   |u • v| ( ||u|| ||v||

Proof:  (Special Cases: 2 and 3 dimension.)

|u • v| = | ||u|| ||v|| cos ( |  (  ||u|| ||v||   (since |cos (| ( 1)

FACTS ABOUT LENGTH AND DISTANCE

   Length

a)   ||u|| ( 0

b)   ||u|| = 0  iff  u = 0
c)   ||ku|| = |k| ||u||

d)   ||u +v|| (  ||u|| + ||v||

Proof of d.  (using the Cauchy-Schwarz inequality

||u +v||2 = (u +v)•(u +v) =  u • u  + 2u•v + v • v  = 

||u ||2 + 2u•v + ||v ||2  (  ||u ||2 + 2 ||u || || v|| + ||v ||2  =  (||u|| + ||v||)2
Distance

a)   d(u,v) ( 0

b)   d(u,v) = 0  iff   u=v  

c)   d(u,v) = d(v,u)

d)   d(u,v)  ( d(u,w) + d(w,v)

Proof of d.

d(u,v) = ||u -v|| = ||u-w + w-v|| (  ||u -w|| + ||w -v|| = d(u,w) + d(w,v)

Fact:   u•v =  1/4 ||u +v||2  - 1/4 ||u -v||2
Proof:  (see work done earlier in class to get the first equation) 

 ||u +v||2 = ||u ||2 + 2u•v + ||v ||2

 ||u - v||2 = ||u ||2 -  2u•v + ||v ||2      

Subtract second from first and solve for  u•v.
ORTHOGONAL (generalization of perpendicular to n-space)

The vectors u and v are called orthogonal iff  u•v = 0.

Theorem:  u and v are orthogonal iff  ||u +v||2 =  ||u||2 + ||v||2
Proof:  ||u +v||2 = (u +v)•(u +v) =  u • u  + 2u•v + v • v =

            ||u ||2 + 2u•v + ||v ||2  =  ||u ||2 + 0 + ||v ||2 = ||u ||2 + ||v ||2      

NOTATION FOR VECTORS IN n-SPACE

           u1

u  =     u2       (column vector)   or     u =  (u1, u2, . . . , un)  (row vector)

            .

           un 

Using column vectors then one gets the following

      u•v = vTu    (do an example)

Matrices and the Euclidean inner product

Au•v  =  u•ATv

u•Av  =  ATu•v

Au•v  = vT(Au) = (vTA)u = (ATv)Tu = u•ATv
Another way to write systems of equations:

 4x1 - 2x2 +  x3  = 5

 2x1 + 5x2 - 4x3 = 1

 3x1 +  x2 + 2x3 = 7

   (4  -2  1) • (x1  x2   x3)            5

   (2   5 -4) • (x1  x2   x3)      =    1

   (3   1  2) • (x1  x2   x3)             7







