Some of COFACTOR EXPANSION and  CRAMER'S RULE 

We examine alternate ways to evaluate determinants and solve system of equations.

Def:  If A is a square matrix, then the minor of the entry aij is denoted as Mij and is defined to be the determinant of the submatrix that remains after the ith row and jth column are deleted from A.  The cofactor of the entry aij , denoted Cij , is (-1)i+j Mij .

Example:                      1    2    3

                       A =        2    3    4

                                    -1    2    4 


M13  =    2    3        =  4 - (-3)  =  7           C13  = (-1)1+3 7 =  7

             -1    2 

M23  =    1    2        =  4                             C23  = (-1)2+3 4 =  -4

             -1    2 

M33  =    1    2        =  -1                            C33  = (-1)3+3 (-1) = -1

              2    3 

                            n                                   n
Fact:    det A =   (  akj C kj    =    (  aik C ik
                          k = 1                              k = 1

If  for n = 3  and  j = 3 and we use our example:

det A  =  a13 C13 + a23 C23 + a33 C33  =  3(7) + 4(-4) + 4(-1)  = 1

   








            (check it)

[This is called expanding along the third column]

Use this method on the following matrix.



1
2
4
1


0
0
1
2           Expand about the second row!


2
6
1
3           You must find two 3x3 determinants.


1
1     -1
1

Notice pattern on signs


+
-
+
-


-
+
-
+          


+
-
+
-


-
+      -
+

Cramer's Rule 

Suppose you want to solve the system Ax=b in n equations and n unknowns, and det A ( 0.  Then the system has a unique solution (why) and this solution is:

x1 =  det A1  / det A

x2 =  det A2  / det A

.

xn =  det An  / det A

where  Aj  is just A with the jth column replaced with the column vector b.

x1   -  2x2 = 7

5x1 + 3x2 = 1

                7  -2

                1   3

x1      =                       =  23/13        

                1   2  

                5   3

Find x2 .

If time define the adjoint of A.    [The matrix of cofactors transposed.]`

Matrix of Cofactors of A

    C11    C12    C13     ...      C1n 

    C21    C22    C23     ...      C2n
    Cn1    Cn2    Cn3     ...      Cnn
Adjoint of A   or adj(A)  is the matrix of cofactors transposed
    C11    C21    C31     ...      Cn1 

    C12    C22    C32     ...      Cn2
    C1n    C2n    C3n     ...      Cnn
If A is invertible, the A-1 = (1/det(A))  adj(A).

Direct formula of the inverse of A in terms of A.






