DETERMINANTS

Recall:    ax + by = e     had one solution iff  ad-bc ( 0.

               cx + dy = f     

and        
a    b       had an inverse iff  ad-bc ( 0.

 

c    d       (in fact ad-bc was in the formula)

ad-bc  is important for 2x2 matrices.  What is it?  Does it generalize?


It is called the determinant of the matrix    a   b









    c   d

--Determinants can be defined for any square matrices.

--The determinant of a square matrix is a real number.

--For any n, the determinant is actually a function from the set of nxn matrices to the set of real numbers.

--Defining the determinant is not easy.   We will use products of n entries from the matrix with the property that there is exactly one entry from each row and from each column in the product.  We will add and subtract products like this to get the determinant.  Think about the 2x2 example  ad-bc.  What about a 3x3 example?


a11    a12    a13     

a21    a22    a23             a11    a22    a33     or     a11    a23    a32
a31    a32    a33  

Formal Definition of the Determinant 

Need the idea of a permutation.

A permutation of  {1, 2, . .  .  , n}  is an arrangement of these integers without repetition or omission.  

For    {1}         (1)    one

         {1,2}       (1,2)   (2,1)    two

         {1,2,3}    (1,2,3)  (1,3,2)  (2,1,3)  (2,3,1)  (3,1,2)  (3,2,1)  six

How many permutations of  {1,2, . . . , n}?      

n!    [Fundamental counting principle or mathematical induction.]

General permutation:    ( j1 , j2 , j3 ,  . . .  jn )   

An inversion occurs in a permutation each time a larger number precedes a smaller number.

(1, 3, 2)                  1 inversion

(3, 2, 1)                  3 inversions

(4, 5, 6, 1, 3, 2)     10 inversions

A permutation is odd (even) if the number of inversions in it is odd (even).

a11    a12      . . . a1n
a21    a22     . . . a2n             =  A

an1    an2           ann  

An elementary product from A is a product of entries one from each row and column of A.  Each elementary product has a permutation associated with it as follows:

Put them in order   a1_  , a2_  ,  . . . ,  an_
so the subscripts are   1j1 , 2j2 , 3j3 ,  . . . , njn  

and the corresponding permutation is  ( j1 , j2 , j3 ,  . . . , jn )

Examples:

a11    a22    a33       corresponding permutation is  (1, 2, 3)

a11    a23    a32           corresponding permutation is  (1, 3, 2)

To find the determinant of a matrix we add up the elementary products for associated with even permutations and subtract the sum of elementary products associated with odd permutations.

a11    a12       2x2 matrix

a21    a22
a11    a22      (1, 2)       0 inversions   even   added

a11    a12       (2, 1)       1 inversion     odd     subtracted 

determinant  =  a11 a22 - a11 a12        (recall   ad - bc)

|A| = Det A =   ( (-1) even or odd (elementary product)

Shortcut methods:

2x2   done.

3x3

a11    a12    a13    a11    a12 
a21    a22    a23    a21    a22
a31    a32    a33   a31    a32    

a11 a22 a33 + a12 a23 a31 + a13 a21 a32 - a13 a22 a31 - a11 a23 a32 - a12 a21 a33 

4x4 and larger no shortcuts.

Finding determinants using the definition is not effective for large matrices.  The number of permutations of n numbers is n factorial

[n!].  For example, if n=10 then there are over 3 million permutations.   You would have to find out which were even and odd and add up all the elementary products associated with them.

How do we find determinants for larger matrices?







