Gaussian Elimination

A matrix is in reduced row-echelon form  (RREF) if it has the following properties:

1. If any row is not all zeros then the first non-zero number is a 1.


2. All rows that are entirely zero are at the bottom of the matrix.


3. The leading 1 in any row is farther to the right than the leading one in any row above it.


4. Each column with a leading 1 has zero everywhere else.
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A matrix is in row-echelon form (REF) if it satisfies 1-3 above.
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Solving RREF matrices
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x1 = 4 - 2x2 - 3x5
x3 = 5 - x5
x4 = 6 - 2x5
x6 = 2
x1 = 4 - 2s - 3t

x2 = s

x3 = 5 - t

x4 = 6 - 2t

x5 = t 
x6 = 2
Solving a matrix in REF.
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x1 = 6 - 2x2 - 4x3 - 5x4 + 3x5
x3 = 5 + x4 - 2x5
x5 = 3

x1 = 6 - 2s - 4(t-1) + 5t + 3(3)  = 19 - 2s + t

x2 = s

x3 = 5 + t - 2(3)  = t-1

x4 = t

x5 = 3

Example of Gauss-Jordan Reduction
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switch I and II
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x1 = -56 - 2s - 3t

x2 = s

x3 = 32

x4 = t

x5 = 10

Homogeneous Systems of Linear Equations

a11 x1  +  a12x2 + a13x3 + ... + a1nxn    = 0
a21 x1  +  a22x2 + a23x3 + ... + a2nxn    = 0
.

.

am1 x1  +  am2x2 + am3x3 + ... + amnxn = 0
· A homogeneous systems stays homogeneous after applying an elementary row operation.

· A homogeneous system is always consistent.  All xi = 0 works.

    This is called the trivial solution.  

· Either there is only the trivial solution or there are infinitely many solutions.

· Is there a way to tell if there are infinitely many solutions without solving.  

Theorem:  A homogeneous system of linear equations with more unknowns than equations has infinitely many solutions.  [n>m]

idea of proof:  After applying Gauss-Jordan method, since there are more variables than equations, not all the variables are leading 1's so some will be free to vary (will be a parameter).

0   1   0   2   0  -2   0            x2  = -2x4 + 2x6    
0   0   1   3   0   1   0            x3  = -3x4 -  2x6
0   0   0   0   1   0   0
    x5  = 0


x1 = s

x2 = -2t + 2u

x3 = -3t - u

x4 = t

x5 = 0

x6 = u







