Math 109   Class 15     10/23/07       
Applications of Linear Functions [Econ and Business]
Recall the following formulas we used earlier:

Revenue = (price per item) x (number of items sold)

Cost = Fixed Costs + Variable Costs

Profit = Revenue – Cost

In this section we will look at examples where the Cost is function of the number of items, but where the function is linear.
Example:   C(x) = 20x + 100,000.  In this case the cost of making 0 items is $100,000. This is the fixed cost.  [To get the fixed cost you put in 0 for x.  C(0) = 20(0) + 100,000 = 100,000.]  The variable cost is 20x for x items or $20 per item.  

Example:  Suppose you know that a potter can make a plate for $12 and the total cost to produce 50 plates is $1000.  Find the cost function assuming it is linear, and find what the fixed cost is.

Since C(x) is linear it must be in the form C(x) = mx + b.

[Note: m is the cost to make one plate and b is the fixed cost.]    So  C(x) = 12x + b.  We were told it cost $1000 to make 50 plates so   C(50) = 12(50) + b = 1000.
So 600 + b = 1000  and thus b = 400.   So our cost function is   C(x) = 12x + 400    and the fixed cost is $400.
Definition:  The average cost per item is   
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This is the total cost divided by the number of items.

What is the average cost of an item in previous example for producing 50 items?
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        $20 per item.

How about for 100 items?  C(100) = 12(100)+400= 1600.
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      $16 per item.

Rates of Change

Businesses are not only concerned about their cost, revenue and profit functions, but how they are changing.  For example, if a new company’s profits were growing 20% a year and then they dropped to 10%, the management might be very concerned.

What is the rate of change of a linear function?
f(x) = 4x+1.   [Note the f(x) goes up 4 when x goes up 1.]
x         1      2       3     4      5

--------------------------------------------

f(x)     5      9      13    17    22
The rate of change of a linear function f(x)=mx+b is the slope m.

In economics, the rate of change of the cost function is called the marginal cost.  So if, C(x) = mx + b, the marginal cost is m, which is also the slope of the graph of the cost function.  This is the cost of producing one additional item.
        C(x) =  m x    +    b
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Break-Even Analysis
Often a company that produces something wants to know how many of the items must they produce and sell to make a profit.  To find this they calculate the number where they break even.  If they sell fewer they lose money; if they sell more they make money.
The break-even point is when Profit = 0.  Since

 Profit = Revenue – Cost   the break-even point is when 

0 = Revenue – Cost  or  when Revenue = Cost.

Suppose a company makes a camera they sell for $120 and the cost function is C(x) = 80x + 440,000.  How many cameras must they sell to break even?
The revenue function  is  R(x) = 120x.  

Set R(x) = C(x)  and get    120x = 80x + 440,000
Solving we get    40x = 440,000   so   x = 11,000 cameras.
If the company sells fewer than 11,000 cameras they will lose money and if they sell more they will make money.
11,000 is the break-even point.

Supply and Demand
The supply and demand for an item usually depends on the price of the item.  If a price is high there is more incentive to manufacture it and the supply increases. But if the price is high there would like be less demand for the item by consumers.  If the price were lower the demand from consumers would likely increase, but manufactures would have less incentive to make the item, so supply would likely decrease.
The curves (graphs) that show the supply at a given price and the demand at a given price are called the supply and demand curves.

Variables used:   p is price     q is quantity
Example: 
Suppose from experience we know that the quantity demanded q (in 1000’s) and price p are related by:
p = 70 – .8q     [demand curve]
What is the price when the quantity is 25?

p = 70 – .8(25) = 70 – 20 = $50

What is the quantity if the demand price is $62.

62 = 70 – .8q    [Solve this.]   q = 10  (or 10,000 items)

Suppose we know also know that the supply q is related to price as follows:

p = .6q    [supply curve]

What is the price if the supply is 25?  

p = .6(25) = $15

What is the quantity supplied if the price is $40?

40 = .6q     q = 40/.6 = 66.67  [66,670 items]
To do the next application we need to be able to find where two lines intersect.

Suppose we have the two lines y=2x-7  and  y= -x-1.  Where do they intersect?  A point of intersection will have the same y value for both lines so we can set the right sides equal to each other and solve for x.

       2x-7 = -x-1     

       3x-7 = -1       

       3x  =  6             

       x=2

   We can substitute back two in either equation and get the y value for x=2.    y=2(2)-7= -3     or  y= -2-1= -3.  So the point of intersection is  (2,-3).
Equilibrium
One could graph the demand curve and the supply curve.  When they intersect, the supply exactly equals the demand.

This is called an equilibrium point.  The price at the equilibrium is called the equilibrium price and quantity there is called the equilibrium quantity.

To find the equilibrium point we set p in the demand curve equal to the p in the supply curve and solve.

p = 70 – .8q     [demand curve] 
p = .6q    [supply curve]

70 - .8q = .6q  [set the two p’s equal to each other]
70 = 1.4q

50 = q      Equilibrium quantity is 50  [50,000 items]

We can find the equilibrium price by putting q = 50 in either equation, since the curves meet at the equilibrium point.  
70 - .8(50)  =  70 – 40 = 30

.6(50) = 30    

So $30 is the equilibrium price.
Graph the two curves and note the intersection point.
Graphing Calculator
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