INTEGERS AND RATIONAL NUMBERS

First numbers---  Counting Numbers or Natural Numbers

set notation 
{1, 2, 3, 4,  .  .  .  }

3 + ? = 3     zero added 
{0, 1, 2, 3,  .  .  .  }      Whole Numbers

3 + ? = 0    Idea of opposite or negative numbers.

             Think of  + credit or what you have   and -  debit or what you owe

       Integers      { .  .  .   -3, -2, -1, 0, 1, 2, 3,  .  .  .  }  

Number Line  (Integers labeled)

   —|——|——|——|——|——|——|——|——|——|——

              -4      -3     -2     -1       0       1       2      3       4



What should   -(-5)  be?


   Use the idea of opposite on the number line.  



-5  is on the opposite side of 5



-(-5) should be on the opposite side of -5

       

So -(-5) should be 5.



Think of a credit card bill.  If the balance owed is $-10

                we have a credit of $10.


General rule:  -(-a) = a.

Adding Negatives


Think of adding positive numbers as going right on the number line and adding negatives as going left on the number line.

   —|——|——|——|——|——|——|——|——|——|——

              -4      -3     -2     -1       0       1       2      3       4



1 + 2 =

-3 + 4 =

2 + (-3) =

-1 + (-2) = 

Subtraction    a - b = a + (-b)

10 + (-4) = 10 - 4 = 6

10 - (-5) = 10 + (- (-5)) = 10 + 5 = 15

-3 - 6 = -3 + (-6) = -9

-3 - (-6) = -3 + (-(-6) = -3 + 6 = 6 + (-3) = 6 - 3 = 3

Multiplication and Division of Integers

What is  4 x -3?   (positive times a negative)  Why?

What is -4 x  3?   (negative times a positive)  Why?

What is -4 x -3?   (negative times a negative)  Why?

We look for a patterns to understand these questions?

4 x 3  = 12

4 x 2  =  8

4 x 1  =  4         Look at the pattern and guess.

4 x 0  =  0

4 x -1 =  ?

4 x -2 =  ?

Positve times a negative is a negative
  

3 x 4  = 12

2 x 4  =  8

1 x 4  =  4

0 x 4  =  0

-1 x 4 =  ?

-2 x 4 =  ?

negative times a positive is a negative.

-4 x 3  = -12

-4 x 2  =  -8

-4 x 1  =  -4         

-4 x 0  =   0

-4 x -1 =   ?

-4 x -2 =   ?

negative times a negative is a positive.

[Poem in text]

Minus times a minus is a plus

The reasons why, we need not discuss.

Makes our arithmetic work.

Integer Division

a ( b = c      mean  a = b x c    [  or   a/b = c   means  a = bc ]

8 ( 4 = 2     mean  8 = 4 x 2

-8 ( 4 = -2     mean  -8 = 4 x (-2)

Properties of Integer Operations  

· Closure properties of Addition and Multiplication

            a+b is and integer if a and b are

            axb is an integer if a and b are

· Commutative properties of Addition and Multiplication
    a+b=b+a       
    axb=bxa
· Associative Properties of Addition and multiplication
    a+(b+c)=(a+b)+c
    ax(bxc)=(axb)xc

· Distributivity of Multiplication over Addition (and subtraction)
    ax(b(c)=(axb) ( (axc)   (explain)

· Identity for Addition (Zero)

            a+0=a    0+a=a
· Identity for Multiplication (One)

            ax1=a    1xa=a

· Additive Inverse Property

            a+(-a)=0    (-a)+a=0

We use these in our calculations.

Calculate  (-3)(4+(-6))  in 2 ways.

Rational Numbers

6  =  ? x 3

9  =  ? x 3

5  =  ? x 3

Need new numbers to find answer to the last one.  Often called fractions.

We also use the term rational numbers.  

A rational number is a number in the form a/b with a and b integers and b(0.   a is called the numerator and be is called the denominator.

positive rationals:     pos/pos    or    neg/neg

negative rationals      pos/neg    or    neg/pos

Fraction usually considered to be the positive rational or 0.

Fact/Problem:   Notation does not give unique ways to write numerical values.   

1/2  =  2/4  =  3/6 =  .  .  .



Simple Forms for rational numbers.  A form where numerator and denominator have only 1 and -1 as common factors.

10/15  =  (2x5)/(3x5) = 2/3

[rule  na/nb = a/b   where b and n are not 0.]

When are two rational numbers equal?  When is a/b = c/d?

Ans.    Assuming b and d are not 0 then:

             a/b = c/d    if and only if  ad = bc.


3/4  = 12/16   since   3x16=48   and  4x12=48

        6/9 ( 9/13     since   6x13 = 78   and 9x9 = 81.

Note:  (-a)/b = a/(-b)   since (-a)(-b) = ab        [called  -(a/b)]

You can show two rationals are the same by reducing:

12/16 = 4x3/4x4 = 3/4

or putting over a common denominator

3/4  =  (3/4)(4/4) = 12/16

Adding and Subtracting Rationals  [common denominator]

a/c + b/c  = (a+b)/c

a/c - b/c  = (a-b)/c

Additive Inverse for Rationals

a/b + -a/b  = (a + (-a))/b = 0/b = 0

Adding rationals with different denominators:

a/b + c/d  =  ad/bd   +   bc/bd  = (ad+bc)/bd

a/b - c/d  =  ad/bd   -   bc/bd  = (ad-bc)/bd

Multiplying Rationals

3/4 x 2/5 = ?

1/5 1/5

	xy
	xy
	
	
	

	xy
	xy
	
	
	

	xy
	xy
	
	
	

	x
	x
	
	
	


x's   indicates 2/5

y's   indicates  3/4 of the 2/5

3/4  x  2/5  =  6/20   [can get solution by multiplying numerators and denominators.

Dividing Rationals

How many 1/2 's are there in 3?   6  

3 ( 1/2  = 6     Can get this by   3 x  2/1

2/3 ( 4/5   =  2/3  x  5/4  =  10/12    Invert and multiply.

Properties of Rational Number Operations  

· Closure properties of Addition and Multiplication

            a/b+c/d is and integer if a/b and c/d are

            a/bxc/d is an integer if a/b and c/d are

· Commutative properties of Addition and Multiplication
    a/b+c/d=c/d+a/b       
    a/bxc/d=c/dxa/b
· Associative Properties of Addition and multiplication
    a/b+(c/d+e/f)=(a/b+c/d)+e/f
    a/bx(c/dxe/f)=(a/bxc/d)xe/f
· Distributivity of Multiplication over Addition (and Subtraction)
    a/bx(c/d(e/f)=(a/bxc/d) ( (a/bxe/f)   (explain)

· Right Distributivity of Division over Addition (and Subtraction)
    (a/b(c/d)(e/f=(a/b(e/f) ( (c/d(e/f)   (explain)

· Identity for Addition (Zero)

            a/b+0=a/b    0+a/b=a/b
· Identity for Multiplication (One)

            a/bx1=a/b    1xa/b=a/b
· Additive Inverse Property

            a/b+(-a/b)=0    (-a/b)+a/b=0

· Multiplicative Inverse Property
   a/b x b/a = 1  if a and b are not 0

—|——|——|——|——|——|——|——|——|——|——

           -4      -3     -2     -1       0       1       2      3       4



Rationals are all over the number line.  Called DENSE.

Word Problems.

Try problem 21.   The temperature drops 3 degrees Fahrenheit for each 1000 foot increase in altitude.  What would be the approximate temperature for an airplane that is flying at 20,000 feet off the Atlantic coast if the temperature at sea level was 50 degrees.

                 Plane at 20,000 feet

                

                50 degrees at sea level

1000 ft    (drops to 47 from 50)

2000 ft    (drops to 44)

 How many "drops" of 3 degrees are there?

20

50  - 20(3) = 50 - 60 = -10 degrees

































































































