PROBLEM SOLVING

One can (and usually does) spend a lifetime learning how to solve problems.   Many academic areas (including mathematics) and most professions require one to solve problems of various types.

We will concentrate on mathematical and logical problems, but the techniques we use apply to other types of problems.

We will discuss some examples in the text since many homework problems are based on them

A well known mathematician George Polya developed techniques to help people solve problems.  This is called Polya's four step method.


1.  Understand the Problem


2.  Devise a Plan


3.  Carry out a Plan


4.  Look Back

Refining this list.

1.  Understanding the Problem


Do you understand the words?


Can you restate the problem in your own words?


What is given?


What is the goal?


Do you have enough information?


Is any of the information extraneous?


Have you solved a problem like it before?

2.  Devise a plan


Guess and test 


Look for a pattern


Make a list


Use a variable


Look for a formula


Solve an equation or inequality


Draw a picture


Draw a graph


Draw a diagram


Use a model


Do a simulation

3.  Carry out the plan


Implement the strategy until solved or a new strategy is chosen


Take the time


Take hints


Try a fresh start

4.  Look Back


Is the answer correct?


Is there an easier solution?


Can you generalize it?

Example:

                                                        Put the numbers 1,2,3,4,5,6 into the         

                                                        circles so that each side adds up to 12.


Step 1.  Do you understand the problem?

Step 2.  Devise and plan.


      Guess and test  (might cut out numbers to make it easier)

Step 3.   Carry out the plan.

   How do  you go about guessing?




Random guessing




Systematic guessing  (corners  1,2,3   1,2,4  etc)




Inferential guessing





1 + ? + ? = 12   What can you infer?



             Can 1 be on a corner?

                             What about 2?  etc.

Step 4.   Look Back   



3 ways to guess and test.  Which is best in this case?

                [inferential if there are many cases.]

When is Guess and Test appropriate?


There is a limited number of possible answers to test.


You want to better understand the problem.


You have a good idea or guess.


You can systematically try possibilities.


You have narrowed down possibilities using other methods.


There is no other obvious strategy.

         [four color problem]
How might a mathematics student do this problem?

               a


a + d + b = 12 

           

 

b + f + c  = 12

          d       e                
a + e + c  = 12

     b        f
c



(a + d + b)+ (b + f + c) +  (a + e + c) = 12 + 12 + 12 = 36

 

a + b + c + d + e + f +  a + b + c = 36

but 

a + b + c + d + e + f  = 1 + 2 + 3 + 4 + 5 + 6 = 21

                21 + a + b + c = 36



a + b + c = 36 - 21 = 15    so {a,b,c}  has to be {4,5,6}



4, 5, 6  are the corners.  Then fill in rest.

----------------------------------------

Looking for a Pattern

What is the next number?

1, 3, 5, 7, ___

2, 7, 12, 17, ___

1, 3, 6, 10, 15, 21, ___

1, 4, 9, 16, ___    (two ways -( odd)   
 Also  Van Vleck problem

How many downward               A

paths are there from

A to B?

          B

1.  Do you understand the problem?

2.  Devise a plan.  Trickier.  Look for a pattern.  Find how many ways to get to each intersection point.

3.  Carry out the plan.

                                                        1                1           1               1 




    1

    1

                                                             2                 1          2             1

Continue and label the complete diagram.

4.  Look back and generalize.  [See homework problems.]

When Look for a Pattern is appropriate.


A list of data is given.


A sequence is involved.


You are asked to make a prediction or generalization.


Information is organized.

Use a Variable.  [a letter to represent a number]

   Recall? problems like:   Billy will be 3 times his age today in 20years.

                                               How old is Billy today?


x = Billy's age today


  x+20 = Billy's age in 20 years

   What did they give us?    x + 20 = 3x

    Solve and get  20 = 2x   or  10 = x.

Example 10.21.   What is the greatest number that divides the sum of any 3 consecutive whole numbes?  

1.  Understand?    must be non-negative numbers!

2.  Devise a plan.  Try some examples and make a guess.  Confirm the guess.

3.  Carry it out.   0+1+2 = 3      1+2+3 = 6        2+3+4 = 9    Guess.

     Confirm with logical derivation.  [using a variable]

   Let  x = first number  then x+1  and x+2 are the other numbers


x + (x+1) + (x+2)  =  3x +3 = 3(x+1)  so 3 divides it.


When  Use a Variable is appropriate


A phrase like any number or all numbers 


An equation or inequality is suggested


There is an unknown quantity related to other quantities


Words like equal to or equals appear


You are trying to develop a general formula

Draw A Picture


Can you cut a pizza into eleven pieces.

1.  Understand the problem?  [equal size and shape??  no]

2.  Devise plans.  Try some pictures




Others:  See page 536.  Which can be folded into a cube.
 Models.
[image: image1]
Simulations.  What are they? [Operations Research]
Examples of simulations:  [same astrological sign-5 people]

probability   
































































































