EXPONENTS

Begin with just integers:

Incrementing  (by one)  -  counting, computer programs

Addition   5+3 = 5 +1+1+1  (5 plus 3 increments)



  a+m = a  +1+1+  . . .  +1   (a plus m increments)

Multiplication is similar but we use addends.

         5x3 = 5+5+5  (3 addends)


 axm = a+a+ . . .  +a   (m addends)

Positive integer Exponents we use factors.

          53  = 5x5x5  (3 factors)


  am  =  a x a x  . . . x a   (m factors)   

a to the m or a to the mth power    a is the base and m is the exponent
Properties of Positive Integer Exponents [check by counting factors]

1.   am x an  = am+n        23 x 26  =  23+6  = 29 

2.    am x bm  = (axb)m   32 x 52  = (3x5)2 = 152
3.    (am) n  = amn     (23)4  = 23x4  = 212

4.  
If m>n    am ( an  = am-n         36 ( 32  = 36-2  =  34
5.    If b(0  then an / bn  = (a/b)n         43 / 53  = (4/5)3

Be careful, there are no simple formulas for addition.

53 + 57  is not 510

Using calculators to do powers

   


                 5                     result is  10,000    [ 105  =  10,000]


    4                       result is 16    [ 42  = 16 ]


    2                 3                         result is 8    [ 23  =  8 ]

Negative and Zero Exponents

Suppose a is an integer greater than zero.

a3  (  a  =

a2  (  a  =

a1  (  a  = 1

?   (  a  =

?   (  a  =

a0 = 1   a-1  = 1/a        a-2  = 1/a2           a-m  = 1/am
Note  00   is  not defined

30 = 1    20 = 1     10 = 1      00 = ?

03 = 0    02 = 0     01 = 0       00 = ?  

Rules discussed earlier work for negative and 0 exponents too.

46 x 4-2 =  46+(-2)  = 44  

5-6 ( 5-8 =  5-6-(-8)  = 5-6+8 = 58-6 = 52  = 25

(8-2) 5 =  8-2x5  = 8-10
5-2 x 6-2 =  (5x6)-2  = 30-2

Scientific Notation

Used to deal with very large and very small numbers.

.000000000002164  =  2.164 / 1000000000000

   



 =   2.164 / 1012
      



 =   2.164 x 10-12  (scientific notation)

3.57 x 108  =  357,000,000

Calculating with Scientific Notation

3.5 x 1010   x   2 x 1021     =   7 x 1031
5 x 10-17   x   3.1 x 10-11     =   15.5 x 10-28      =   1.55 x 10-27
Roots

Inverse or reverse processess

add  


           subtract 

multiply by

   divide by 

square

       
   square root

32  = 9            ( 9     =  ?     3 seems to work

problem   (-3)2  = 9  so   -3 works too.

3 is called the principal square root of 9.

Definition:  Let a be a non-negative real number.  Then the principal square root of a, written ( a    is defined by 






(  a     =  b    where  b2 = a    and   b(0.

All non-negative numbers have principal square roots, but they may be irrational like the square root of 2.  (most are!)


Many calculators have a square root button 

nth roots


(-2)3 = -8       cube root of -8 is -2      ( -8     =  -2

Definition:  Suppose a is a real number and n be a positive integer.



1.  If a(0, then      (  a      = b   if and only if  bn = a  and b(0.



2.  If a(0, then      (  a       = b    if and only if bn = a.   

a is called the radicant.

n is the index.

We call it the nth root of a and a radical.

Note:  n even and a<0 then it is not defined.


n=2k    bn = b2k = (b2)k    

b2  is positive so  (b2)k is positive.

There are numbers that are not real numbers [imaginary numbers] that allow us to do this.  e.g. have a square root of -1.

Examples:

fifth root of 32  is 2

cube root of -64 is  (guess)

fourth root of 21 is ???


  21                       4      

May not be available.  We do it with yx button later.

Rational Exponents

(5   x  (5   =  5      51/2   x  51/2   =  5

(5    =  51/2   

                                                      n

Definition:   a1/n  =  (a

if:     1.  n is a positive integer and a(0

        2.  n is an odd positive integer and a<0  

    (-64)1/3  = -4

This generalizes to all non-negative rationals as follows.

     am/n  =  (a1/n)m   which also equals   (am)1/n 

   82/3  =  (81/3)2  = 22  =  4

      7

      ( 125   =  1251/7  =  (53)1/7  =  53/7

 
    5                 (3(7)                          

(may need to use memory if no parentheses 

Real Exponents:    3(        7 square root of 2

 
    3                  (                         

Real exponents follow the same rules as integer exponents.  (see page 51)

Many important applications of exponents.

Exponential Growth and Decay

    In most applications we the base is the number e (about 2.71828)

    Some examples with simpler bases:

        Suppose you start with 100 fruit flies and you know they after t days you know you will have  33(10.24t ) fruit flies.  [This is called exponential growth and is used in the study of populations.]  How many fruit flies will you have in 4 days.  

Radioactive Decay.  Suppose you have 10 grams of radioactive plutonium isotope PU-230 were released at Chernobyl nuclear accident and the amount of left after t years is 10(10-.000013t ).  How much of the plutonium isotope will be left in 10,000 years.
Logarithms    In these examples, what if you asked questions like:
After how many days would you have 500 flies?

When would have the plutonium be gone?

In Math 109 covers this.  You need to do the following.

Solve    500 =  33(10.24t )  for t.
Solve        5 =  10(10-.000013t )  for t.

Slide Rule

Carbon Dating
[If there is time at the end of the semester we will do  Section 13.3 Applications to Population Growth and Radioactive Decay.]
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